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Abstract

Linear fixed effects regression models are a primary workhorse for causal inference among ap-
plied researchers. And yet, it has been shown that even when the treatment is exogenous within
each unit, the linear regression models with unit-specific fixed effects do not consistently estimate
the average treatment effect in the presence of heterogenous treatment effects and treatment
assignment probabilities across units. In this paper, we offer a simple solution. Specifically, we
show that weighted fixed effects regression models consistently estimate the average treatment
effect under various identification strategies such as propensity score weighting, first differencing,
stratified randomization, post-treatment stratification, and difference-in-differences. We prove
the results by establishing various finite sample equivalence relationships between fixed effects
and matching estimators. At the basic level, the results suggest that these estimators do not
fundamentally differ in their ability to cope with unobserved heterogeneity. More importantly,
our analysis identifies the information implicitly used by fixed effects models to estimate coun-
terfactual outcomes necessary for causal inference, highlighting the potential sources of their
bias and inefficiency. In addition, the proposed framework offers simple, model-based standard
errors for various matching estimators. Finally, we illustrate the proposed methodology by re-
visiting the controversy concerning the effects of the General Agreement on Tariffs and Trade
(GATT) membership on international trade. Open-source software is available for fitting the
proposed weighted linear fixed effects estimators.
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1 Introduction

Linear fixed effects regression models are a primary workhorse for causal inference in applied panel

data analysis (e.g., [Angrist and Pischke] [2009). Such models are also commonly used to analyze
experiments under stratified randomization and cross-over designs (e.g., [Duflo et al] 2007} [Jones
[and Kenward], [2003). In addition, linear fixed effects models may be used to estimate the average

treatment effect in cross-sectional observational studies with post-treatment stratification where
the exogeneity of treatment is assumed after stratifying on the observed values of pre-treatment

confounders (e.g., [Cochranf [1968f [Rosenbaum and Rubin} {1984} [Hansen), 2004} {lacus et al.} [2011)).

Yet, it has been shown that even if the treatment variable is assumed to be exogenous within each
unit (or stratum), linear regression models with unit-specific (or stratum-specific) fixed effects can-

not consistently estimate the average treatment effects in the presence of heterogeneous treatment

effects and treatment assignment probabilities across units (e.g., [Angrist] [1998} [Wooldridge], 2005}
[Freedman] 2008} [Humphreys] [2009} [Chernozhukov et al} [2011)).

Specifically, for the sake of simplicity, consider a balanced panel data set of N units and T'
time periods where for each unit ¢ at time ¢, we observe the outcome variable Y;; and the binary
treatment indicator variable X;; € {0,1}. We emphasize that our theoretical results are applicable
to unbalanced panel data as well as non-panel data settings including stratified randomized ex-
periments and cross-sectional observational studies with post-treatment stratification. Define the
linear one-way (unit specific) fixed effects estimators as follows,

N T
(Gpp,Bre) = argmin Y (Vi — a; — Xy 8)? (1)
(@h) =1 t=1
where o = (o, ..., an).

Now, suppose that the stable unit treatment value assumption holds across units and time
periods and assume that the treatment is exogenous within each unit. Then, the
fixed effects estimator is biased for the average treatment effect E(Y;:(1) — Y;t(0)) where Y (x)

represents the potential outcome for unit ¢ at time ¢ under the treatment status X;; = x. Indeed,

as shown by [Chernozhukov et al| (2011} Theorem 2), the least squares estimate of § based on

this model, B rE, converges in probability to the following weighted average of unit-specific average
treatment effects where the weights are proportional to the variance of the treatment assignment
variable,
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where A(X;) = E(Y;(1)—Yi(0) | X;) is the average treatment effect condition on X; = (X;1,..., Xir)
and o2 = Zthl(Xit — X;)?/T. The result implies that unless either the treatment effect or treat-
ment assignment probability is homogenous across units, the one-way fixed effects estimator does
not consistently estimate the average treatment effect. The same result applies to non-panel data
settings including stratified randomized experiments and observational studies with stratification

on observables where the standard fixed effects estimator is biased in general even if the treat-

ment is assumed to be exogenous within each stratum (see e.g., [Angrist] [T998} [Freedman| 2008}

[Mumphreys] [2009)).

In this paper, we offer a simple solution to this problem. Specifically, we show that weighted

fixed effects regression models can consistently estimate the average treatment effect under various
identification strategies. For example, the estimates based on the within-unit inverse propensity
score weighting and first differencing can be obtained by fitting weighted one-way fixed effects
regressions with different sets of regression weights. In addition, the weighted linear fixed effects
model can also yield an unbiased estimate when analyzing either stratified randomized experi-
ments or observational studies with post-treatment stratification where the treatment assignment
is assumed to be exogenous within each stratum. Another example we present is the difference-in-
differences estimator in a general case of multiple time periods and repeated treatments, which we
show is algebraically equivalent to weighted regression estimator with two-way fixed effects. What
is surprising about these results is that various estimators with different causal assumptions are
reduced to weighted fixed effects regression estimators with different regression weights.

Our main result shows how to construct regression weights from different identification strate-
gies for fixed effects regressions, thereby providing a straightforward way to improve the use of fixed

effects regression models for causal inference. Our results differ from those of (2001)) and

[Wooldridge| (2005) who identify the conditions under which linear fixed effects regression models

yield consistent estimates of the average treatment effect. Rather, we show that weighted fixed
effects regression models can consistently estimate the average treatment effect under various iden-
tification assumptions. Despite this critical difference, we share the spirit of these authors who
advocate that one should focus on causal parameters rather than structural parameters (see also
o).

Our results are also related to who propose the use of weighted linear least
squares estimators to detect possible misspecification of the ordinary least squares model. In

fact, the proposed weighted fixed effects regression models can be used as specification tests for



the standard linear fixed effects models. Finally, the equivalence between weighted fixed effects
regression models and various matching estimators implies that we can easily calculate the model-
based standard error for these matching estimators using the standard robust variance estimator.

This offers an alternative standard error calculation that is simpler than what is available in the

literature (Abadie and Imbens] 2006} [2011]).

We prove these results by establishing various finite sample (i.e., algebraic) equivalence relation-
ships between fixed effects and matching estimators. To illustrate the idea, consider the following

simple cross-section linear regression model without fixed effects,

It is well known that ( is algebraically equivalent to the difference-in-means estimator for the

average treatment effect. Now, this simple regression estimator B can also be written as,

. 1M
B o= N;(E(D—Yiw))

where
N
— Y if X; =1 _ To0=X)Vy ey g
Yi(1) = SN XYy . and Y;(0) = =1 (1=X;r)
Syx, fXi=0 Y, if X; =0

Following [Heckman et al| (1998b|), we call this alternative representation as the “matching” rep-

resentation because it shows that each treated (control) observation is matched with the average
of control (treated) observations. Others such as calls it as the “imputation” repre-
sentation because for each observation the conditional expectation of its counterfactual outcome is
imputed. The advantage of such representation is that it clarifies the set of observations that are
used to estimate the counterfactual for each unit.

We apply this matching representation to linear fixed effects regression estimators and derive
various finite sample equivalence relationships between fixed effects and matching estimators. At
the basic level, the results of this paper imply that the fixed effects and matching estimators
do not fundamentally differ in their ability to cope with endogeneity in observational studies.
A commonly held belief that fixed effects estimators can adjust for unobservables but matching
estimators cannot is incorrect. In Section [2| we first establish that the one-way fixed effects
estimator is algebraically equivalent to an adjusted matching estimator where each observation is

matched with the average of all the other observations of the same unit, which may include those



with the identical treatment status. These “mismatches” are subsequently adjusted by rescaling
the resulting matching estimate to reduce the attenuation bias. As noted above, however, this
adjustment is not sufficient to eliminate bias unless treatment effect and treatment assignment
probability are homogeneous across units.

We then prove that a more natural matching estimator, which matches each observation only
with other observations of opposite treatment status within the same unit, is algebraically equiv-
alent to a weighted one-way fixed effects regression estimator where the weights are inversely
proportional to the proportion of treated/control observations within each unit. Unlike the stan-
dard one-way fixed effects estimator, this estimator is unbiased for the average treatment effect
under the assumption that the treatment assignment is exogenous within each unit. Our main
theoretical result generalizes this finding and establishes the finite sample equivalence relationships
between weighted fixed effects regression estimators and a broad class of matching estimators for
various causal quantities of interest. We also show that weighted fixed effects regression estima-
tors can accomodate various identification strategies including propensity score weighting and first
differencing.

In Section (3] we extend these results to the linear two-way (i.e., unit and time) fixed effects

estimator (Wallace and Hussainl [1969)). Like the one-way case, we establish that the standard two-

way fixed effects estimator is equivalent to an adjusted matching estimator where an adjustment
is made to account for mismatches. What is different about the two-way fixed effects estimator,
however, is that another adjustment is made to address the consequences of simultaneously in-
cluding unit and time specific effects in the regression model. While it is in general impossible to
eliminate mismatches using weighted two-way fixed effects regression, we prove that the difference-
in-differences estimator in a general setting of multiple time periods and repeated treatments is
algebraically equivalent to weighted two-way fixed effects estimator. This suggests that while the
standard two-way fixed effects regression is difficult to justify from a causal inference point of view,
the weighted two-way fixed effects estimator avoids mismatches and compares treated units with
control units (and vice versa) based on the difference-in-differences design.

In Section [d], we illustrate the proposed matching framework of fixed effects regression models
by revisiting the controversy about whether GATT membership increases international trade. We
show that in some cases the proposed weighted fixed effects regression estimator gives substantively
different results from those based on the standard fixed effects model. This finding underscores

the importance of causal assumptions regarding the information used to estimate counterfactual



outcomes when using fixed effects regression models. Finally, in Section [5 we briefly discuss the
implications of the findings of this paper for applied panel data analysis. The open-source soft-
ware, wfe: Weighted Linear Fixed Effects Estimators for Causal Inference, for fitting
the proposed weighted fixed effects estimators is available through the Comprehensive R Archive

Network (http://cran.r-project.org/package=wte]).

2 The One-Way Fixed Effects Estimator

2.1 Adjusted and Unadjusted Within-unit Matching Estimators

Recall that &pg and 3 i denote the least squares estimate of & = («, ..., ay) and 8 from the lin-
ear one-way fixed effects regression model (equation ) The following proposition establishes that
this one-way fixed effects estimator can be written as a particular adjusted within-unit matching

estimator.

PROPOSITION 1 (FINITE SAMPLE EQUIVALENCE BETWEEN THE ONE-WAY FIXED EFFECTS AND
ADJUSTED WITHIN-UNIT MATCHING ESTIMATORS) The following algebraic equality holds,

e = 223 (0 -0) |

=1 t=1

where for x = 0,1,

. v ——
Yie(x) = { . it 1 it =T
T—1 Zt’;&t }/’it’ lf Xit — ]_ —x
1 T 1 1
K = NT 4 E : }(it'ﬁZ(l—Xit/)—l-(l—Xit).ﬁ »
==l t#t t' £t

Proof is in Appendix

The proposition provides a clear interpretation of the fixed effects estimator as an adjusted
within-unit matching estimator. Specifically, the observation for unit ¢ at time t is matched with
the average of all the other observations for the same unit, and then the estimated treatment effect
for this observation is calculated by computing the difference between the observed outcome and
the average outcome of the matched units. In this matching procedure, the matched-set of a given
observation contains other observations of the same treatment status unless there are only two
time periods and the treatment is given to each unit exactly once. This means that, for example, a

treated observation may be matched with a set of observations, some of which are treated. When
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such “mismatches” occur, the treatment effect estimate for that observation may be attenuated.
Proposition (1| shows that the one-way fixed effects estimator adjusts for this attenuation bias by
dividing the average of observation-specific treatment effect estimates by the average proportion
of properly matched units across all observations, i.e., K. Thus, a greater number of mismatches
leads to a smaller value of K, which results in larger adjustment.

In general, this adjustment is not sufficient for yielding a consistent estimate of the average
treatment effect even when the treatment assignment is assumed to be randomized within each
unit. Given this problem, we consider the following more natural within-unit matching estimator
which is unbiased for the average treatment effect so long as the treatment assignment is exogeneous

within each unit,

- 1 —
pi = NT > (Yit(l) - Yit(0)> (3)
i=1 t=1
where
1 Zj;: (A=X;)Ysr .

— Yi: if Xp=1 o s=l —w i g X =1
}/'Lt(l) = 27; X, Y. . and }/’Lt(o) = th;:l(lfxit’) (4)

S, TXe=0 Yii it Xy =0

This estimator has no mismatch because the treated (control) observation is compared with the
average of control (treated) observations within each unit. This set of matched observations is

given by,
My = {@ ) =i, Xpp =1 — Xy}, (5)

where (7, t) denotes the observation for unit ¢ at time ¢. We can relate this matching estimator with
the adjusted within-unit matching estimator given in Proposition [1| by noting that this matching
estimator does not require any adjustment due to mismatches.

The next proposition establishes that this within-unit matching estimator is algebraically equiv-
alent to a weighted one-way fixed effects estimator where the weight is inversely proportional to

the proportion of treated/control observations within each unit.

PROPOSITION 2 (FINITE SAMPLE EQUIVALENCE BETWEEN THE WEIGHTED ONE-WAY FIXED
EFFECTS AND WITHIN-UNIT MATCHING ESTIMATORS) Assume that the treatment varies within

each unit, i.e., 0 < Zthl Xt < T for alli. Then, the following algebraic equality always holds,

N T
(@M, M) = argmind Y Wi(Yi — ai — Xu 8)°
(wf) =1 =1
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where dZM = % <% Zthl WitYie — BM), BM s given in equation , and
T .
— if X; =1,
Wit = Zszzl Xyt "
L if X; =0.

25:1(1_){1‘15’)

Proof is omitted since this proposition is a special case of a more general result given below as
Theorem [I} The proposition shows that for a treated (control) observation, the weight is inversely
proportional to the proportion of treated (control) observations for that unit. Proposition also im-
plies that the standard (i.e., unweighted) one-way fixed effects estimator is algebraically equivalent
to the matching estimator given in equations and if and only if for every unit the number
of treatment time periods is the same as that of control time periods. While such a situation
is unlikely in observational studies, in cross-over experiments researchers can balance treatment
assignment both within each unit and across units so that the unweighted one-way fixed effects

estimator is algebraically equivalent to the unadjusted matching estimator.
2.2 Stratification in Randomized Experiments and Observational Studies

The results given above are also relevant for matching and stratification in randomized experiments
and observational studies. For example, under the stratified design, experimental units are grouped
into several strata based on the similarity of observed pre-treatment covariates. Then, the complete
randomization of the treatment assignment is conducted within each strata. This design yields a
more efficient estimate than the complete randomization without stratification (see Appendix A
[mai et al] 2008). Under this stratified design, the use of one-way fixed effects regression with
strata specific effects is quite common among applied researchers (see e.g., m m

Similarly, one-way fixed effecs regression model is applicable to observational studies with post-
treatment stratification (or subclassification) where strata are constructed based upon the similarity

of observed pre-treatment covariates and the exogeneity of treatment assignment is assumed within

each stratum (e.g.,|Cochran| [1968} [Rosenbaum and Rubin| [1984} [Hansen| 2004} [lacus et al} [2011]).

Unfortunately, as discussed in Section [I} it has been shown that such approach does not yield

an unbiased estimate of the average treatment effect if the treatment assignment probabilities and

average treatment effects differ across strata (e.g., [Angrist] [1998 [Freedman] R008} [Humphreys]

2009). In fact, the linear one-way fixed effects estimator yields the weighted average of average
treatment effects across strata where the weights are proportional to the variance of treatment

assignment variable within each stratum. Proposition [2]shows that in these situations the weighted



linear one-way fixed effects regression model with stratum specific effects offers a simple way to
estimate the average treatment effect without bias. We also emphasize that our main result is more

general than Proposition [2] and can incorporate strata of different sizes.
2.3 Adjusting for Additional Covariates

When there exists a vector of additional covariates Z;; (e.g., time-varying confounders in panel

data settings), we can follow the suggestion of [Heckman et al] (1997} [1998a)) and use the regression-

adjusted matching procedure. Specifically, we assume E(Y;(0) | Z; = z) = g(z) and estimate this
regression function using the control group observations alone, g(z) = E(Yy | Xy = 0, Zy = 2).
Once the regression function is estimated, then one can obtain the fitted value for each observation
based on its covariate value Z;; and subtract them from the observed outcome variable, i.e., Y;; —
9(Zi). Finally, this regression-adjusted outcome variable can be used to perform a matching
procedure via the weighted one-way fixed effects regression.

Alternatively, we may consider the following weighted one-way fixed effects estimators with

these confounders,
(Gwrs, Bwre, dwre) = a{g mlnz Z Wit(Yie — i — Xt B — Z;3,6)?, (6)
B:0) =1 t=1

where the expression for Wy is given in Proposition [2 This model can be justified ex post because
it is algebraically equivalent to the matching estimator for the covariate adjusted outcome, i.e.,
Yit — Z} owre.

Another way to adjust for time-varying confounders is to use propensity score weighting. Such

an approach may be appealing because as shown by [Hirano, Imbens, and Ridder| (2003) weighting

by the inverse of a nonparametric estimate of the propensity score leads to a semiparametrically
efficient estimate of the average treatment effect (see also . Suppose that we estimate
the propensity score as a function of these confounders, n(Z;;) = Pr(X;; = 1 | Zy), for each
observation. Then, an efficient estimator of the average treatment effect based on the within-unit
propensity score weighting with normalized weights (though this normalization is not required for

our result as mentioned below) is given by,

- NZ{ ”Y”/Z 7 —éliﬂ’ “/21_7r } @

where 7(Z;;) is the estimated propensity score. An intuitive interpretation of this estimator is that

for each unit the average treatment effect is estimated using the inverse-propensity score weighting



and then this estimate is averaged across units. The next proposition shows that this estimator
is also algebraically equivalent to a weighted one-way fixed effects estimator with the transformed

outcome variable.

PROPOSITION 3 (FINITE SAMPLE EQUIVALENCE BETWEEN THE TRANSFORMED WEIGHTED ONE-
WAY FIXED EFFECTS AND WITHIN-UNIT PROPENSITY SCORE WEIGHTING ESTIMATORS) As-
sume that the treatment varies within each unit, i.e., 0 < Y\t Xy < T for all i. Let 7#(Zy) be the
estimated propensity score where the propensity score is defined as w(Zy) = Pr(Xy = 1| Ziy) and

s assumed to be bounded away from 0 and 1. Then, the following algebraic equality always holds,
@&V, ") = argmmZZWzt Y — o — Xit B)?
i=1 t=1

where & a ( Zt WY — BW>, BW 18 given in equation @, Wit is defined in Proposition@r

and the transformed outcome Y;; is given by,

T
(Zt/;(lzltn/ ”*/Zt, 17 ”/) i Xi=1

t/

it

{Ztl 11 jr(Z)fzt/ }Y@t/zt, . (1 th’ it X, =0

Proof is given in Appendix The proposition can also be modified to accomodate different
weighting schemes. For example, the propensity score weighting estimator without normalization,
Le., & Zfil E?Zl{XitYit/fr(Z,;t)—(1—Xit)}/2-t/(1—7%(Zit))}, can be computed by fitting the weighted
one-way fixed effects regression with the transformed outcome, Y;; = 25:1 XipYir /7(Ziy) if Xy = 1
and Vi = {3/ (1 — Xu)}Yie /(1 = #(Zir)) if Xiy = 0.

2.4 The Main Result

We now prove the main result of this paper. The following theorem states that there exists an
algebraically equivalent weighted one-way fixed effects estimator for any matching estimator that
uses a weighted average of other observations from the same unit but with the opposite treatment

status to estimate counterfactual outcome.

THEOREM 1 (GENERAL FINITE SAMPLE EQUIVALENCE BETWEEN THE WEIGHTED ONE-WAY
FIXED EFFECTS AND MATCHING ESTIMATORS) Assume that the treatment varies within each

unit, i.e., 0 < Zthl Xt < T for all i. Define a general class of matching estimators as follows,

S 1zt1 ZZC( i)



where 0 < Cy < 00, Zle Zf\;l Ci >0,

— Y; if X; =1 — D vl (1= Xy )Yip if Xy =1
Yu(l) = P P =1 d Ta() = { =i XY 00

Zt/zl U,ft Xit’Yit’ if Xit =0 }/it if Xit =0
and vff/ is the normalized pre-defined non-negative weight for observation (i,t") which is matched
with observation (i,t) such that Y p_ vl X = Sh_ v (1 — Xip) = 1. Then, the following
algebraic equality holds,

N T
(&M7 BM) = arg minz Z Wit(Yit — QG — Xitﬁ)Z
(@h) =1 t=1

where

T N I
ot = (5 w5
N T C; if (i,t) = (¢, )
Wy = Z Z wi! and  wil = { Wil'Cpy if (i,t) € Myy
I=1t=1 0 otherwise.

Proof is given in Appendix[A.3] Theorem [I]is applicable to an unbalanced panel. If the observation
for unit ¢ at time period t is missing, we set C;; = 0 and Ufft, = 0 for all (¢/,¢).

The theorem shows how to derive the regression weights for the weighted one-way fixed effects
regression estimator that is equivalent to a general class of matching estimators. For example,
Proposition [2|is a special case of this theorem where for any observation (i,t') that is matched with

observation (i,t), we have,

1 .

3 Xy =1

df = § Bealse 0
25:1 X, if Xit =0

and C;; = 1 for all observations. Since Theorem 1| allows for arbitrary matching weights vff', it
opens up the possibility of implementing various matching methods within the framework of the
weighted one-way fixed effects regression model. The theorem also allows researchers to define
various causal quantities of interest by specifying non-negative values for Cj;. For example, setting
Cit = X4 yields the matching estimator of the average treatment effect for the treated, and using
the survey weights for Cj; enables the estimation of the average treatment effect for the target
population.

In addition, the theorem shows that our results are applicable to unbalanced panel data, exper-

imental data with stratified randomization, post-treatment stratified data in observational studies

10



(see Section . For example, for unbalanced panel data, one can set Cj; = 0 and vf,tt, = 0 for
all (¢/,t') if the data for unit 7 at time ¢ are missing. In sum, Theorem (1| shows that a broad
class of matching estimators for various causal quantities of interest is algebraically equivalent to

a particular weighted one-way fixed effects estimator.
2.5 First Differencing

To further illustrate the applicability of Theorem [I], consider the following first difference model

derived from the one-way fixed effects model,
AYir = AXit B+ Acit (9)

fort = 2,...,T where AY;; =Yy —Yii1, AXy = Xy — Xi4—1, and A€y = €4 — €54-1. Let 8
denote the least squares estimate of S,
N T
BFP = arg minz Z(AYit — AXy B)% (10)
B st =2
We show that this first difference estimator is algebraically equivalent to a matching estimator
where each observation is matched with the observation of the same unit from the previous time
period. If the treatment status changes from one time period to another, then the change in
the outcome is used as an estimate of the treatment effect for this observation. If the treatment
status remains identical between the two periods, then this observation does not contribute to the
estimation of the average treatment effect. Then, because of this equivalence between the first
difference and matching estimators, Theorem [I| implies that the first difference estimator is also
equivalent to a weighted one-way fixed effects estimator. This result is formalized as the following

proposition.

PROPOSITION 4 (FINITE SAMPLE EQUIVALENCE BETWEEN THE FIRST DIFFERENCE, MATCH-
ING, AND WEIGHTED ONE-WAY FIXED EFFECTS ESTIMATORS) Consider the following matching

estimator,

. 1 N T -
s svsTon, Dy (Yar(1) — Yar (0
Zi]ilz:?ngit ;; t( t() t( ))

where Diyy = | Xy — X 11| and

Ya(l) = DO and V(o) = Mt
Yi,t—l if X;p =0 Y if Xi0=0

Then, the first difference estimator is algebraically equivalent to this matching estimator, i.e.,

BFD = BM. The estimator is also algebraically equivalent to the weighted fixed effects estimator

11



given in Theorem where Cy = Dy and when Cy = 1, we have vff =1fort' =t—1 and vff =0

otherwise.

Proof is given in Appendix[A.4] In this proposition, for the observations with Cj; = 0, the definition

of vff/ is not given because they do not contribute to the regression weights.
2.6 Efficient Computation of the Weighted One-Way Fixed Effects Estimator

When N is large, the computation of equation @ can become demanding. Here, we show that the
weighted least squares estimates, (BW FE, SW FE), can be computed by first subtracting its within-
unit weighted average from each of the variables and then running the weighted regression using
these “weighted demeaned” variables. This computation strategy is useful when the number of
fixed effects is large because it avoids the inversion of a large matrix. To see why this procedure

works, define the following vector and matricies,

Y (10 -~ 0] X, Zy
Y, o1 ---0 Xo 7o
Y = ' , U = o |, and V = ‘ ' ,
Yy (0 0 - 1| | Xy Zy |
where Y is an NT-dimensional column vector of outcome variable with Y; = (Yi1,Yi,...,Yir),

U is an (NT x N) matrix of unit indicator variables with 0 and 1 being T-dimensional column
vectors of zeros and ones, V is an (NT x (M + 1)) matrix of covariates with X; and Z; with
X; = (Xi1, Xs0,...,Xer)" and Z; = [Ziy Zin ... Zi7]' being a T-dimensional vector of the
treatment indicator variable and a (7' x M) matrix of confounders, respectively. Finally, W =
diag(VVlT WQT . WIE) is the diagonal weight matrix with W; = (Wj1, Wia, ... Wir).

This weighted one-way fixed effects regression is equivalent to the (unweighted) regression of
Y* = WY2Y on U* = W'/2U and V* = WY/2V. Thus, we use the well-known partitioned
regression formula. First, we obtain the residuals from the regression of each column of V* on U*,
ie., X = Wy (Xit — Z,:szl %) and Zy; = Wy (Zit - 2521 %) Similarly,
the regression of Y* on U* yields the following residuals, i.e., Y = VWi (Y;t — Zz::l %)
Finally, the regression of the latter residuals on the other residuals yields the least squares e;timates
(B, 9) of equation @ Thus, successive applications of weighted least squares allow one to efficiently

fit weighted one-way fixed effects models.

12



2.7 Calculation of Standard Error and Specification Test

The proposed formulation of various matching estimators as weighted fixed effects regression esti-

mators implies the model-based standard error calculation that is much simpler than the existing

standard error calculation for matching estimators (Abadie and Imbens] 2006} 2011]). In particular,

the well-known Huber-White sandwich formula for robust standard errors can be directly applied

(Huber] [1967} [White [1980a). Consider the weighted one-way fixed effects model given in equa-

tion @ Let TZ be an (T x (M + 1)) matrix of “weighted demeaned” explanatory variables V;,
ie., IN/“ = [)?n Zzt] where )N(it and Z-t are defined above. Then, the asymptotic variance for the
weighted fixed effects estimators éWF B = (BW FE, Swr E) is given by,

1 < - 1 Y -
Ywre = <NZVZ-TVZ'> Qwrr (NZV;T‘/»L) (11)
i—1 i=1

where the expression for fAZW rg depends on the assumption one invokes.
For example, in the case of stratified randomized experiments or observational studies with
stratification described in Section we may assume the independence across observations but

account for heteroskedasticity, which results in the following expression for (AZ,
1 XL -
Qwre = + Z V" diag(@fy ... @r) Vi (12)
i=1

where ;; = \/Wit(ﬁt — )?itBW FE — ZZI SW rE). Similarly, in the panel data, we may allow for an

arbitrary autocorrelation as well as heteroskedasticity,
1~ .
Qwre = NZ;VZT i, Vi (13)
=

where 4; = (1, . .. ,ﬁiT)T.

Finally, our framework also implies a specification test to determine whether one should use the
proposed weighted fixed effects model or stick with the standard fixed effects model. In particular,
we follow who shows that the difference between the ordinary least squares and
weighted least squares estimates can be used as a specification test. Under the null hypothesis that
the assumptions of ordinary least squares are correct, the weighted least squares estimates should
asymptotically converge to those of the ordinary least squares. In contrast, when misspecified

(i.e., the linearity assumption does not hold), the ordinary least squares estimates asymptotically

converge to the weighted least squares estimates with unknown weights that minimize the mean

13



squared prediction error. Thus, our test statistic and its asymptotic distribution are given by,
5 5 ~ .4 A A
NOpg —O0wre)" @ (0re — Owre) ~ Xira (14)

where Opp = (BFE,&:E) and Oy pp = (BWFE, 3WFE) are the standard and weighted fixed effects
estimators of § = (3, 0), respectively. If we account for both autocorrelation and heteroskedasticity,

for example, the variance term is given by,
~ ~ ~ 1NAA_1A1N~~_1 1N~~_1A NAA_l
¢ = foWFEwFE—(N‘ VF%) A(N;VJV;> —<N;WW> A<NZ:V V)
N -1 -1
b = (¥ 207) e (307

where Uy pp is given in equation with the definition of Qu rg from equation (The
definition of U rE is analogous to that of CI\/W re). And XA/@ = [)?Z Z] is the “demeaned” explanatory

variables, e.g., X = X — T Zt, 1 Xit, and @; = (1, . .., W) with 4 = Y — )A(itBAFE — 2;51:;;
3 The Two-way Fixed Effects Estimator

3.1 Adjusted Matching Estimator

Next, we extend the analysis of the previous section to the two-way fixed effects estimator with

unit and time specific dummy variables,

Yie = i+ + X B+ e, (15)
where E(e;;) = 0. For the purpose of identification, a restriction such as Zthl v = 0 must
be applied. Without loss of generality, we assume v; = 0. Let &P = (&f E*,...,d]@E*),
AFE = (’yf’E*,...,’ijE ), and BEE" represent the least squares estimate of a = (ay,...,an),
v=(71,...,77), and [ of this model, respectively, i.e.,

N T
(aFE" 4FET BFE*) = argmlnzz W — oy — 7 — X B)2. (16)

(@7,8) =1 1=1
The following proposition establishes that this two-way fixed effects estimator can be written as a

particular adjusted matching estimator.
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PROPOSITION 5 (FINITE SAMPLE EQUIVALENCE BETWEEN THE TWO-WAY FIXED EFFECTS AND
ADJUSTED MATCHING ESTIMATORS) The two-way fized effects estimator defined in equation (|16))

s equivalent to the following adjusted matching estimator,

1 N
AFE* . Vv
p - X {NTZZ (th(l) th@))}
i=1 t=1
where for x = 0,1,
0 Yt if X't =x
Ya(z) = { 1 1 Z 1 -
To1 2wt Vit + N1 Dot Vit — Py (V) it 2w Yov AL Xip =1—x
1 L 1 1 1
K = — X —S 0 -Xu)+——S"(1 - Xin) — 1— Xy
i=1 t=1 t'#t ) i £t FEL
=X [ S X 3 X - L S5 X
T-—1 N —14~ (T —1)(N —1) &~
t' £t i i i/ it F£t

Proof is given in Appendix

The proposition shows that the estimated counterfactual outcome of a given unit is a function of
three averages. First, the average of all the other observations from the same unit and the average
of all the other observations from the same time period are added together. Then, the average of
the rest of the observations is subtracted from this sum in order to adjust for the fact that two
averages rather than one are combined. Since all of these three averages include units of the same
treatment status, as in the one-way case (see Proposition , the two-way fixed effects estimator
adjusts for the attenuation bias due to these “mismatches.” This is done via the factor K which
is equal to the net proportion of proper matches between the observations of opposite treatment
status. However, Proposition [5| shows that to estimate the counterfactual outcome of each unit, all
the other observations are used, including the observations from different units and different years.
This makes the causal interpretation of the standard two-way fixed effects estimator difficult.

Given this result, we improve the two-way fixed effects estimator in the same manner as done in
Section [2| by only matching each observation with other observations of the opposite treatment sta-
tus to estimate the counterfactual outcome. That is, we use the within-unit matched set defined in
equation and the following within-time matched set, both of which do not contain observations

of the same treatment status,

N = {0 t):t =, Xpp =1 — Xy} (17)
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The next proposition establishes the finite sample equivalence between a weighted two-way fixed
effects estimator and this adjusted matching estimator based on M;; and Nj;;. Unlike the one-
way case, however, another adjustment is required because other observations that are used to
adjust for time and fixed effects, i.e., A;; defined in the proposition, may contain those of the same
treatment status. In fact, there exists no weighted two-way fixed effects estimator that can remove

all mismatches.

PROPOSITION 6 (FINITE SAMPLE EQUIVALENCE BETWEEN THE WEIGHTED TwO-WAY FIXED
EFFECTS AND ADJUSTED MATCHING ESTIMATORS) Assume that the treatment varies within each
unit as well as within each time period, i.e., 0 < Zthl Xt < T for each i and 0 < Zf\;l Xy < N

for each t. Consider the following adjusted matching estimator,

s Zz 1Zt1 ztzz X, (/\ m>

i=1 t=1 Kit

where 0 < Cy < 00, Zthl Zfil Cit >0, and for x =0,1,

SSITIRY ifit if Xit =X
Yu(z) = 1 Y, + L Yy, — L Yoy if Xy =1
T 2o (it eMu Yit! T a2 Nz Yit = g 2 p)edy Y i Xa=1—x
A = {{ )i #it £, Xy =1 — X, Xionp = 1 — Xt}
K, = et

MMt + Qg
and mi = |[M|, nig = |Nit|, and a;y = | Ay O{(@, ) : Xy = Xit}|. Then, this adjusted matching

estimator is equivalent to the following weighted two-way fixed effects estimator,

P argmmzzw” o X
(@B87) 521 =1

where
M
dM* . Zt 1 zt}/zt Zt 1 zt')/t 1 ASM*
: — _ =
Zt:l it 2
0 ift=1
'3/15M* = SN WiV N . WaaM® 1 A .
Syl — o8 otherwise.
Zi:l Wit
Ciry My Myr e 2T
M1 1 M1 40 Gt g1 lf (17 t) - (7’ 7t )
Ci/t/ni/t/ . .
T M Mty Q141 lf (Z?t) S Ml’t’
. _ it it C T . . -
Wi = E g wy  and  wj = W if (i,t) € Ny
i/=1t'=1 Ci/t/(2th 1)(2X il — l) . . )
My Myt Qg if (Z’ t) € Al/t/
0 otherwise.
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Figure 1: An Example of the Binary Treatment Matrix with Five Units and Four Time Periods for
the Weighted Two-way Fixed Effects Regressions. Panels (a) and (b) illustrate how observations
are used to estimate counterfactual outcomes for the adjusted matching estimator (Proposition @
and the difference-in-differences estimator (Proposition , respectively. In the figures, the red
underlined 1 entry represents the treated observation, for which the counterfactual outcome Y;(0)
needs to be estimated. Circles indicate the set of matched observations that are from the same
unit, M, for Panel (a) and Y;;—; for Panel (b), whereas squares indicate those from the same time
period, N;; for Panel (a) and A} for Panel (b). Finally, triangles represent the set of observations
that are used to make adjustment for unit and time effects, A;; for Panel (a) and A}, for Panel (b).
For Panel (a), A;; may include the observations of the same treatment status (bold 1 entries in
triangles), leading to an adjustment in the matching estimator. For Panel (b), however, A}, only
contains control observations and hence no adjustment is required.

Proof is in Appendix
To illustrate the problem of two-way fixed effects estimators, Panel (a) of Figure [1| presents

an example of the binary treatment matrix with five units and four time periods, i.e., N =5 and
T = 4. In the figure, the red underlined 1 entry represents the treated observation, for which
the counterfactual outcome Y;(0) needs to be estimated using other observations. According to
Proposition [6] this is estimated as the average of control observations from the same unit M,
(circles in the figure), plus the average of control observations from the same time period N
(squares), minus the average of adjustment observations, 4;; (triangles).

There are two underlying adjustments in this process. First, the adjustment factor K;; attempts
to address the attenuation bias due to the fact that some of the adjustment observations in A;+ con-
tain observations of the same treatment status. The adjustment is done by inflating the estimated
treatment effect. In the example of Panel (b) of Figure 1] A; contains four such observations (bold
1 entries in triangles), i.e., a; = 4, and hence the adjustment factor is 0.6 = 6/(6 4+ 4) where the

numerator represents the total number of adjustments observations.
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The second adjustment occurs due to the fact that the average value of the adjustment obser-
vations in A;; is being subtracted rather than added when computing m For this reason, wf;t/
is defined to take a negative value for the adjustment observations (i,t) in Ay which have the
treatment status opposite to that of X;s. Consequently, for a small number of observations, the
regression weight W;; may take a negative value if disproportionately many observations have the
same treatment status across both time and unit dimensions.

Proposition [6] establishes the equivalence between this adjusted matching estimator and the
weighted two-way fixed effects estimator. Unlike the one-way case, however, without restricting
the matched sets, M;; and Nj;, in certain ways, there exists no weighted two-way fixed effects
estimator that is in general equivalent to an unadjusted matching estimator. This can be seen from
the fact that one cannot eliminate mismatches from 4;; for some (i,t) so long as there is variation

in the treatment within each unit and time period. This makes it difficult to justify the general

use of two-way fixed effects estimators for causal inference.
3.2 Difference-in-Differences

Nevertheless, we present an important (unadjusted) matching estimator with restricted matched
sets, My; and N, that can be shown to be algebraically equivalent to a weighted two-way fixed
effects estimator. Specifically, we consider the application of a multi-period difference-in-differences
estimator to the panel data, which is often motivated by the linear two-way fixed effects regression

model (e.g.,[Bertrand e al] 2004} [Angrist and Pischke] 2009). Unlike[Athey and Imbens| (2006]), we

focus on the linear difference-in-differences model but avoid the assumptions that no unit receives
the treatment in the initial period, i.e., X;; = 0 for all 4, and that after receiving the treatment a
unit continues to receive the treatment, i.e., X;; > X; ;1 foralliand ¢t = 2,...,T. Our setting also
differs from who focuses on the simple case of two time periods with the treatment
given only in the second period but allow for semiparametric covariate adjustment via propensity
score weighting.

Define the following matching representation of multi-period difference-in-differences estimator,

NOT
gpio 1 Dy (VD) — Va0l "
it o1 Dit ;; t< (1) = Yael )) (18)
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where for t =2,...,T,

ao= AWt =t Xy =Xpp1=1— Xy}

o= {@ ) Fit =t -1, Xy = Xy =1 — Xy}
ny = |Ngl = Ay
Dy = Unj | Xy — Xip—1]| > 0},

D;1 =nj; =0, and for D;; = 1, we define

— Yii if Xjp =2
Ya(r) = 1 1 | (19)
Yig—1+ 5 Z(igt)ejvﬁ Yin — 5= Z(z",t')eA;ft Yip it Xp=1-—u

When the treatment status of a unit changes from one period to the next, i.e., D = 1, this
estimator estimates the counterfactual outcome by subtracting from its observed outcome of the
first period Y; ;1 the average difference in outcomes between two periods among the other units
whose treatment status remains unchanged between these periods and is opposite to the new
treatment status of this unit Xj;;.

This estimator is illustrated in Panel (b) of Figure In this example, the counterfactual
outcome for the treated unit (represented by the red underlined 1) is estimated as the difference
between the outcome under the control condition from the previous period (circle) and the average
difference (square minus triangle) between the current and previous periods for the two units which
receive the control condition in both time periods. Thus, the difference-in-differences estimator,

by construction, avoids mis-matches and therefore eliminates the need for adjustment.

The next proposition establishes the algebraic equivalence between this difference-in-differences,

matching, and weighted two-way fixed effects estimators. [Heckman ef al] (1997 [1998a]) show

that the difference-in-differences estimator can be interpreted as a matching estimator. What
we prove is that the estimator is also algebraically equivalent to weighted two-way fixed effects
estimator. Following these authors, the proposition allows for the weighted average of control
(treated) outcome differences to be an estimate for the counterfactual of the treated outcome

difference rather than the simple average as formulated above.

PROPOSITION 7 (ALGEBRAIC EQUIVALENCE BETWEEN THE DIFFERENCE-IN-DIFFERENCES, MATCH-
ING, AND WEIGHTED TwO-WAY FIXED EFFECTS ESTIMATORS) Assume that there is at least one
treated and control unit, i.e., 0 < Zf\;l Zthl Xt < NT, and that there is at least one unit with
D=1, 14e,0< Zf\il Zle Dy. Consider the following matching estimator that is slightly more
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general than BDID n equation ,

BM* - Cztth ) m
Zz 121‘,1 ztthz 1 t=1 ( )

where 0 < Cy < o0, Zf\il Zthl Cit >0,

5 Yi if Xjp =2
Yie(z) = i't i't :
Yig1 4 2 pyents Vie Yor = 2o year, Vi Yo if Xy =1—x
and vf;t is the normalized pre-defined non-negative weight for observation (i',t) which is matched

with observation (i,t) such that 3 yep= Vit = D )eAr, vit = 1. Then, this estimator is

equivalent to the following weighted two-way fized effects estimator,

(c *7’YM*;ﬁM ) = argmanZWn it — t_XitB)Q
(,8,7) i=1 t=1
where
CME Zt 1 zt}[zt Zt 1 ztf)/t 1 AM*
lo% = -5 8
Zt:l 22
. 0 ift=1
Tt = S WaYu—3N, Witdy* 1 aM* :
SN v - §B otherwise.

Ciry if (i,t) = (', )
Cirp if (i,t) = (¢,¢ — 1)

Wiy = Z Z wi!'  and  wl! = Vi Cing if (i,t) € Njy

I=1t=1 VR Cyr (2X3 — 1)(2X 0w — 1) if (i,) € A%,
0 otherwise.

(
Proof is in Appendix The use of Cj;; means that the proposition applies to the average
treatment effect for a subpopulation of interest.

Thus, the difference-in-differences estimate of the average treatment effect for the treated can
be obtained by fitting the weighted two-way fixed effects regression model. In general, the resulting
regression weights, W, are different across observations and hence the (unweighted) standard two-
way fixed effects estimator differs from the difference-in-differences estimators. It is interesting to
note that in the case of two time periods with the treatment given only in the second period the
regression weights can be different across observations and yet the estimated average treatment
effect from the weighted two-way fixed effects model is identical to the one based on the standard

two-way fixed effects regression.
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4 Empirical Illustration

In this section, we illustrate the proposed matching framework to understand and improve fixed
effects regression models by estimating the effects of GATT (General Agreement on Tariffs and
Trade) membership on trade between countries. We show that in some cases the proposed weighted

fixed effects estimators give substantively different results from the standard fixed effects model.

4.1 Effects of GATT on Trade and Fixed Effects Regression

Does GATT membership increase international trade? [Bagwell and Staiger| (1999) provide a the-

oretical reason why GATT may facilitate trade among its members. They argue that each state’s
incentive to manipulate terms-of-trade entails inefficient equilibrium, and therefore GATT’s princi-

ples of reciprocity and non-discrimination help them reach a more efficient multilateral outcomes.

In addition to these reciprocal terms-of-trade incentives, [Maggi and Rodrguez-Clard (2007)) offer

a political explanation of why governments may want to sign a trade agreement even unilaterally.
Governments can make credible commitments to their domestic audiences so that they suffer less
from the political pressure to protect domestic industries.

Despite this theoretical development, finds little empirical support for the existing
theories. Based on the standard “gravity” model with year fixed effects applied to dyadic trade
data, he consistently finds economically and statistically insignificant effect of GATT membership
(and its successor World Trade Organization or WTO) on trade volume between countries. This
finding led to subsequent debates among empirical researchers as to whether or not GATT actually
promotes trade (e.g., [Gowa and Kim| 2005} [Subramanian and Wei, 2007} [Goldstein et al] 2007}
[Tomz et al} 2007} [Rosel [2007)).

As shown in Section [2] the standard one-way fixed effects model such as the one used by
is equivalent to an adjusted matching estimator, where each observation is matched with

the average of all the other observations of the same unit. In the case of the fixed effects regression
model given in equation , this implies that a treated dyad (e.g., a dyad with both GATT
members) in year ¢ is matched with all other dyads in the same year ¢ regardless of their treatment
status. Our theoretical results imply that this estimation strategy may be subject to potential biases
when there exists heterogeneous treatment effect and/or treatment assignment probability. Indeed,

[Subramanian and Weil (2007) find substantial heterogeneity in the effects of GATT/WTO on trade.

Thus, we examine the robustness of findings when counterfactual outcomes are estimated based

on the observations with opposite treatment status. We also consider several other substantively
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reasonable ways to estimate counterfactual outcomes and investigate the sensitivity of the results
to different causal assumptions underlying fixed effects models.
Finally, some scholars have used the two-way fixed effects model with both dyadic and year

fixed effects to estimate the effects of GATT/WTO on trade (e.g.,[Tomz et al] 2007). However, our

analysis in Section [3| suggests that this model uses all observations to estimate the counterfactual
outcome for any given dyad in a particular year and this shortcoming cannot be corrected within
the fixed effects modeling framework. Thus, in our analysis, we do not consider the application of

two-way fixed effects models.
4.2 Data and Methods

We use the data set from [Tomz et al] (2007]) which updates and corrects some minor errors in the

original data used by (2004). Unlike (2004)), however, our analysis is restricted to the
period between 1948 and 1994 so that we focus on the effects of GATT and avoid conflating them

with the effects of the World Trade Organization (WTO), which replaced GATT in 1995 after
the conclusion of the Uruguay Round. WTO has functionalities that are different from GATT. In
particular, it possesses a dispute settlement mechanism that became more legalized than GATT
with end of defendant veto and addition of appellate body. In addition, a number of developing
countries joined the WTO, which makes it difficult to justify pooling of the effects of GATT and

WTO (Subramanian and Weif [2007]). As shown below, this restriction does not significantly change
the original conclusion of (12004)), but it leads to a conceptually cleaner analysis. This yields

a dyadic data set of bilateral international trade where a total number of countries is 162 and a
total number of (dyad-year) observations is 196,207.
We begin by estimating the following standard fixed effects regression model (with year fixed

effects),
Yy = o+ XuB+Zy6+en (20)

where ¢ and ¢ denote a dyad and year, respectively. In this model, Yj; represents the trade volume
for dyad ¢ in year t, whereas Xj; is a binary treatment variable which equals one (zero) when dyad
i receives (does not receive) the “treatment” at time ¢. In addition, following the original analysis,
we include a vector of 15 dyad-varying covariates in year t as Z;. These variables include log
distance between the two countries, log product real GDP, and log product real GDP per capita
see Column 1 of Table 1 for the full list of covariates).

The key difference between this model and the one used by [Rosd is that the latter includes two
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binary treatment variables at the same time: one indicating whether both countries in a dyad are
members of GATT/WTO in a given year and the other indicating whether only one country is a
memberE In contrast, we fit a separate model for each treatment variable. First, we estimate the
model given in equation with the treatment variable X;; indicating whether both countries in
dyad ¢ are members of GATT or only one is a member. For this analysis, we exclude dyad-years
that do not have a GATT member, thereby estimating the effect of having two GATT members
versus having only one GATT member. Second, we estimate the same model but this time we
estimate the effect of only one country being a GATT member versus no GATT member at all.
This analysis therefore excludes those dyad-years which have two GATT members.

For each of these two models, we conduct three separate analyses. First, we fit the standard
one-way fixed effects model with year fixed effects as done in . Second, we fit the

weighted one-way fixed effects of the following specification,

N T
arg minz Z Wit(In Yy — aq — X8 — Z;,5)? (21)
(@.8,0) =1 t=1

where the expression for Wy is given in Theorem |1| (note that subscripts ¢ and ¢ must be switched
because in this model we have year fixed effects rather than unit fixed effects). This model en-
sures that within each year treated dyads are compared with untreated dyads. Third, we use the
propensity score weighting given in Proposition 3| to adjust the dyad-varying covariates Z;; (again,
note that subscripts ¢ and ¢ must be switched). Within each year, we use the logistic regression to
obtain the estimated propensity score 7(Z;).

Finally, we repeat the above analysis based on the weighted one-way fixed effects and propensity
score weighting by placing an additional restriction. Specifically, for each dyad in a given year, we
restrict its matched set to be a group of dyads in the same year who have the opposite treatment
status and share at least one country. For instance, suppose country A and country B in dyad
i are both GATT members in year t, and thus dyad i is a treated observation. The restriction
requires that the control observations for this dyad should only include the dyads in year ¢ which
contain either country A or country B along with a non-GATT member. Such a restriction may
be appealing because it avoids the comparison between dyads which have completely different
countries. Our weighted fixed effects framework can accomodate this and other similar restrictions

to construct proper counterfactuals for each observation.

"'We focus on the effects of “formal” membership. See |Tomz et al.l 42007[) for a detailed discussion.

23



(a) Dyad with Both GATT Members (b) Dyad with One GATT Members

VS. VS.
One GATT Member No GATT Member
Propensity Score
Weights
< <
o o
~ i Average Treatment : Average Treatment
3 : :
< ' ) Effect (ATE_) o Effem (ATE_) | Propensity Score
..g '+ Without Restriction ! With Restriction ' Weights
=N ~ ' ' "
g S S ! ! Equal Weights
P :
8 il
= Propensity Score | X |
w . Weights . Year Fixed | Equal Weights
B Year Fixed | ! Equal Weights Effects |
T Effects .
E <o | . | ‘ ! | S J
@ © 1 ' 1 T ' T ° |
i} 1 Equal Weights
Pmpflssitymsmfe i Average Treatment : Average Treatment
el S ! !
9 Effect (ATE) |  Effect (ATE)
N { N ' Without Restriction |  With Restriction
s - o : '
] I
T T T T
Without Restriction With Restriction Without Restriction With Restriction

Figure 2: Estimated Average Treatment Effects of GATT Membership on Trade. Panel (a) shows
estimated effects when treatment group includes dyads with both GATT members and control
group includes dyads with only one GATT member. Panel (b) presents estimated effects when
treated units are dyads with only one GATT member while controlled units are dyads with no
GATT member. Left, middle and right part of each panel corresponds to the standard one-way
year fixed effects model, the weighted one-way fixed effects models without restriction, and the
weighted one-way fixed effects models with restriction, respectively. The restriction implies that in
a given year a dyad is matched with other dyads in the same year that share one country. Vertical
lines represent 95% confidence intervals.

4.3 Empirical Results

Figure [2| summarizes the results of our analysis. We estimate the effect of GATT membership on
trade based on the two definitions of treatment. Panel (a) compares trade when both countries
are members to the case where only one country is a formal member, whereas Panel (b) presents
the results when treated units are dyads with one member and controlled units are dyads with no
member. Within each panel, we present the results based on the standard one-way fixed effects
model (first result), the weighted one-way fixed effects model with equal weights among matched
observations (second result), and the same model with propensity score based weights (the third
result). The last two analyses are repeated with the additional restriction (the last two results).
Consistent with ’s original finding, we find little effect of GATT membership on
trade using the standard one-way fixed effects based model for both analyses. In contrast, our

analysis that eliminates “mismatches” using the weighted one-way fixed effects model shows that
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having one GATT member increases trade by 33% (= exp(0.284) — 1) (with 95% confidence in-
terval of [0.176, 0.393]) when compared with dyads having no GATT member whereas there is
no statistically significant difference between dyads with two GATT members and those with one
GATT member. The latter result changes when we place the additional restriction and limit our
matched group to those dyads which share one country. According to this method, the effect of
GATT membership is positive regardless of whether or not we impose the additional restriction in
Panel (b).

In sum, our analysis suggests that the empirical results based on fixed effects models can
depend on the causal assumptions underlying these models. We have shown that the effects of
GATT membership can vary quite a bit depending on how counterfactual outcomes are estimated

for each observation.

5 Concluding Remarks

In this paper, we propose a straightforward to improve standard linear fixed effects regression mod-
els, which have been shown to provide inconsistent estimates of the average treatment effect. We
establish the algebraic equivalence relationships between weighted one-way fixed effects estimators
and a broad class of matching estimators. The proposed weighted linear fixed effects estimators
are consistent for the average treatment effect and can accomodate various identification strategies
including propensity score weighting, first differencing, and difference-in-differences. Therefore, the
proposed weighted fixed effects regression estimators can also be used as a specification test for
the standard fixed effects regression models . It is surprising that different causal
assumptions that underlie each approach can be represented as different regression weights within
the framework of linear fixed effects regression models.

To prove these theoretical results, we use the framework of matching methods and identify the
information used implicitly by fixed effects regression models to estimate counterfactual outcomes
necessary for causal inference. This analysis highlights the sources of potential bias and inefficiency
of standard linear fixed effects estimators and suggests weighted linear fixed effects models as a
simple way to address these problems. Our analysis also makes it clear that fixed effects and
matching estimators are equivalent and neither method represents a magic bullet solution to endo-
geneity problems encountered in observational studies. A commonly held belief that fixed effects
estimators can adjust for unobservables but matching estimators cannot is false. What is essential

is to understand what information each method uses in order to estimate counterfactual outcomes
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that are necessary for causal inference.
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A Mathematical Appendix
We define the following quantities, which will be used throughout this appendix.

.1 Xe T = L Xy X = — X;
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_ 1 v 3 Y : 3
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A.1 Proof of Proposition
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A.2 Proof of Proposition

3

We begin by defining a new matching estimator using the transformed outcome Y;; as follows,

Vo= g2 (Y -Yi)
i=1 t=1
where
ST Yit if Xie =1 __ Zh (=X
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Then, Proposition [2[implies that we only need to show BM "= BW. This equality can be shown as
follows.

g
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where the last equality follows from the definition of Y. a
A.3 Proof of Theorem

We begin this proof by establishing two algebraic equalities. First, we prove that for any constants
(af,...,a}), the following equality holds,
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The second algebraic equality we prove is the following,
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Next, define 6; = a;+ /2 and £ = /2, and consider the following weighted least squares estimates,

(6,6) = ar%rgmzzm i — 0 — (2Xy — 1)¢)?

i=1 t=1

where § = (61, ...,0x). Clearly, @M = §; — M /2 and M = 2€ because (6, &) is a linear one-to-one
transformation of («, 3). Thus, usmg the above algebraic equalities, we can derive the desired
result,
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where the second equality follows from equations and . a
A.4 Proof of Proposition

Proof of this proposition is straightforward. First, we note that the first difference estimator is
given by,
N T
GFD Dim1 D AYir AXG
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Ei:l Zt:Z(AXit)2
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Then, the simple algebraic manipulation shows the equivalence between BF D and BM . Finally, the
equivalence between P and the weighted one-way fixed effects regression follows directly from
Theorem [I| because of the equivalence between 37" and the matching estimator. O

A.5 Proof of Proposition
We begin this proof by establishing two algebraic equalities. First, we prove the following equality,
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The second algebraic equality we prove is the following,
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Next, we consider the following least squares estimates,

£ = argmanZ{yn Ui — Vi +Y) — (Xit_yi_yt+y)£}2
i=1 t=1

We know from IVVallace and Hussainl (]1969') that B"F" = €. Thus, using the above algebraic
equalities, we can derive the desired result as follows,
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where the last equality follows from equation and . O
A.6 Proof of Proposition @

We begin this proof by establishing three algebraic equalities. First, we prove that for any constants
(af,...,al), the following equality holds,
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The third algebraic equality we prove is the following,
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Next, define 0; = a;+ (/2 and £ = 3/2, and consider the following weighted least squares estimates,
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where § = (61,...,0n). Clearly, agM* =4, — pM" /2 and BM* = 2¢ because (6,€) is a linear one-to-
one transformation of («, 8). Thus, using the above algebraic equalities, we can derive the desired
result,
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where the second equality follows from equation , and . O

A.7 Proof of Proposition

The proof of this proposition proceeds in a manner similar to that of Proposition[6]in Appendix[A.6]

To economize on notation, let C7,, = CyD;;. We begin this proof by establishing three algebraic
equalities. First, we prove that for any constants (of,. .., a} ), the following equality holds,
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Similarly, for any constants (vj,...,v;), the following equality holds,
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The third algebraic equality we prove is the following,
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Next, define 0; = a; + /2 and £ = /2, and consider the following weighted least squares
estimates,

T
0,7%,6) = argminZZWit(Yit =8 =y — (2Xu — 1)¢)?
(07.8) =1 t=1

where § = (61,...,0n). Clearly, c’v;M* =0; — BM*/2 and BM" = 2¢ because (6,€) is a linear one-to-
one transformation of («, 8). Thus, using the above algebraic equalities, we can derive the desired
result,
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where the second equality follows from equations , , and .
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