Supplementary Materials

S1. Proofs

We collect notation from the main text and introduce new notation:

mg(y,2) =EYi | D;i=1,Z;=2,Yn =y, X; =), q(y,2)=Pr(Ya=y|D;=1,Z; =2, X; = x),
m;(yaz):E(KQ‘Dlzl,Z 2, zl_y7X —$) q;(ya ) PI‘( _y‘D _1 Z =2z, X _$)

pe(y) =Pr(Yu =y Y1 =9G=cX;i=x), &z =p(Yj=1|Zi=2D;=1Yy1=y,X,=x),

ro(z) = qz(1,2 — 2){1 — ¢z(1,2 — 2)}
’ {P2(1) —g2(1,2 = 2)} - [g(1,2 — 2) — {1 — p2(0)}]°

We will prove our results under the following weaker version of Assumption

Assumption S1 (Strong Ignorability of Treatment Assignment).

Zi L Di(z) | Xi,
Zi L A{Y;1(2), 12(zy1)}\G—cX1,
0<Pr(Z;=2]X;) <

for z=10,1,2 and y; =0, 1.

S1.1. Proof of Theorem

We first consider the average spillover effect, by the law of total probability,

0 = Z{E 2| Gi=c,X;=z)pr(X; =2 |Gi=¢) —E(Y(0) |Gi=c¢, X; =x)pr(X; =« |G, =¢)}
= Z{E Yo | Zi=1,Gi=¢,X;=x) —E(Y(2) |Gi=c¢, Xi=z)}pr(X; =z | G; = ¢)

= S {E(Ya|Z=1Di=1,X,=2)-E(Ye | Zi=2D;= L, Xi=2)}pr(Xi =z |Gi=c),  (S1)



where the second inequality follows from Assumption [3] From Assumption [S1]

pr(G; =c| X; = x)pr(X; = x)
pr(G; = ¢)
pr(G; =c| X; =x)pr(X; = x)
> pr(Gi=c| X; =z)pr(X; =)
pr(D;=1|2%2; #0,X; = x)pr(X,; = x)

- Sapr(Di=1]Z;#0,X;, =x)pr(X; =x)’ (52)

pr(X;=x |G, =¢c) =

which simplifies to pr(X; = « | D; = 1) if Assumption 1| holds. Plugging into (SI), we
can obtain the identification formula for 6, which becomes the same as the one in Theorem [1] if
Assumption [1] holds.

We then consider the average contagion and direct effects. We only need to identify E{Ya(z, Y5 (%)) |

Gi=c¢,X; =z} for all x and z,2' = 0,1. By the law of total probability, we have

E{Yis(2,Yii(2) | Gi = ¢, X; = x}

1
= Y E{Yalzyh) | Gi=cYi() =y, Xi =a} Pr{V;}(¢) =y} | Gi = ¢, X; = a}
y7=0

1
= Z E{Yin(z,y)) | Zi=2,Gi=c¢,Y;() =y, Xi =2} Pr(Yi =y | Z; =2 ,Gi = ¢, X; = x)
y7=0
1
= > E{Ylzy)) | Zi=2.Gi=c X;=a}Pr(Yi =y | Zi=%,Gi=c X, = x)
y1=0
1
= Y E{Ya(ze,y)) | Zi=2G =c¢X;=a}Pr(Y;i =yi | Zi =2 ,Gi = ¢, X; = x)
y7=0
1
= > B{Yalzy) | Zi=2Gi=cYi(z) =y, Xi =2} Pr(Y; =yi | Zi = 2,Gi = ¢, X; = )
y7=0

1
= Y mi(y,2)a Y, 2), (S3)
y=0

where the second and the fourth equalities follow from Assumption [1, and the third and the fifth
equalities follow from Assumption [2 Therefore, we need only to identify m%(y, z) and ¢k (y, 2’) for

z,y = 0,1. From Assumption {4, we can identify ¢ (y,1) = gz(y,1), and from Assumption |3, we



can identify

Finally, Assumption [4| implies m}(y,1) = m(y, 1), and by Assumptions 3| and {4, we have,

my(y,0) = EYiu|Zi=2,G =¢Y]=y],Xi=x) = mg(y,2).

By plugging the identification formulas of ¢} (y, z) and m}(y, z) for z = 0,1 into equation (S3), we

can obtain the identification formulas for the average contagion and direct effects. They become

the same as the identification formulas in Theorem [I] if Assumption [I] holds.

S1.2. Proof of Theorem

0

First, because the expression of 6 does not include Y;1, the identification formula does not change

without Assumption 4, i.e.,
Y Pr(Xi=a | Gi=c) {ma(l,1)gz(1,1) + ma(0,1)qx(0,1) = ma(1,2)ge(1, 2)

For z = 1,2, by the law of total probability and Assumption 5,

4z(1,2) = p2(1) - 45 (1,2) + (1 — px(0)) - {1 — g5(1,2)}.
We then have

Qm(lvz) (1 —pm(O))
pm(l) +pm( ) -1

q;(la Z) =

Again, by the law of total probability and Assumption 5, we have

mw(lvz) = m;:(lvz) ’ 693(17Z) + m;(()? Z) ’ {1 - §$(172)}7
mm(ovz) = m:c(lvz) '52(07 Z) +m ( ) {1 (0 Z)}

- mm(oa 2)(]:8(07 2)}



from which we obtain

(s — Q= E0me(l2) = (1 &l 2)me0.2)
= &a(1,2) — €(0,2) |
0,9 = A0 &0 Ima(l)

From Theorem [1] for z =0, 1,

m(2) = Z{mZ(L 2= 2) =mg(0,2 = 2) Hgp (1, 1) — ¢5(1,2)} Pr(X; = 2)

B mg(1,2 —2) —mg(0,2 — 2) ge(1,1) — g2(1,2) o
- Z (1,2 — 2) — £4(0,2 — 2) 'pw(1)+pw(0)—1’Pr(X1_m)’

whereas

pe(l) - gn(1,2—2) (1 —pz(1))-gp(1,2 - 2)
Sall,2-2) = &(0,2-2) = e(1,2— 2) 1— qu(1,2 — 2)
{pz(1) — (1,2 — 2)} - g5 (1,2 — 2)
qm(172 - z)<1 - Qm(1,2 - Z))
(1) —g2(1,2 = 2))  [gu(1,2 — 2) — {1 — px(0)}] 1
4z(1,2 = 2)(1 — g (1,2 — 2)) p=(1) + pz(0) = 17

(Pa

Therefore, we have

T(2) =Y [Pr(Xi=a | Gi=c) ra(2){ma(1,2 = 2) = ma(0,2 = 2)} {g=(1,1) — ¢a(1,2)}].

T

For the average direct effect, we have

niz) = 06—7(1-2)
1

= Z |:PI"(X1 = | Gz = C) : Z (mm(y> 1)(]113(3/7 1) - mm(?/? 2)(]:13(3/, 2)

x y=0

—rz(1 = 2)ma(y, 1 + 2){q(y, 1) — gz (v, 2)}>]

1

Pr(X; =@ |Gi=c) Y ({maly.1) ~ ma(y,2)}a(s.2 - 2)
y=0

-3

T

_{1 - Tw(l - Z)}mw(yv 1+ Z){Qw(ya 2) - Qm(ya 1)})] .
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Plugging (S2) into the above equations, we can obtain the identification formulas for the average

contagion and direct effects. They become the same as those in Theorem [2] if Assumption

holds.

O]

S1.3. Proof of Corollary

We only need to drive the bounds for 75(2). Because pz(1) 4+ pz(0) > p and 0 < pz(1),pz(0) < 1,

we can obtain the range of (pg(1),1 — pz(0)) as,

1—pz(0)€[0,2—p], pz(l) €[l —pz(0)+p—1,1].

To obtain the bounds for r,(z), we first look into the range of the following function:

fa(z1,22) = (a — z1)(a — x2), a€[0,1], z1€[0,2—p], wz2€[z1+p—11].

We enumerate all the cases for different relative magnitude among 2 — p, p — 1 and a.

Case 1: p > 3/2

(a)

When a < 2 — p, we have 9 < 1 —p > a. fu(x1,z2) reaches its maximum {a — (2 —
p)Ha—1) at (z1,22) = (2 —p, 1), and reaches its minimum a(a — 1) at (x1,z2) = (0, 1).
Thus, we have fo(21,22) € [a(a —1),{a — (2 —p)})(a - 1)].

When a = 2 — p, we have o9 < 1 —p > a. fu(x1,22) reaches its maximum 0 at
(x1,72) = (2 — p,1), and reaches its minimum a(a — 1) at (z1,2z2) = (0,1). Thus, we
have fqo(z1,22) € [a(a —1),0].

When 2 —p<a<p—1,wehave 29 <2—p<a<p—1<uz. fu(x,x2) reaches its
minimum a(a — 1) at (z1,22) = (0,1). If a < 1/2, then f,(z1,x2) reaches its maximum
{a=(2-=p)}a-1)at (x1,22) = (2—p,1) and if a > 1/2, then f,(z1,x2) reaches its
maximum {a — (p — 1)}a at (x1,22) = (0,p — 1).

When a = p — 1, we have 1 < 2 —p < a. fo(x1,22) reaches its maximum 0 at
(x1,22) = (0,p — 1), and reaches its minimum a(a — 1) at (z1,z2) = (0,1). Thus, we

have f,(z1,22) € [a(a —1),0].



() When a > p—1, we have 1 <2 —p < a. f,(x1,22) reaches its maximum {a — (p—1)}a
at (x1,z2) = (0,p — 1), and reaches its minimum a(a — 1) at (z1,z2) = (0,1). Thus, we

have fq(x1,22) € [a(a —1),{a — (p —1)}a].
Case 2: p < 3/2

(a) When a < p—1, we have a < x3. fq(z1,72) reaches its maximum {a — (2 — p)}(a — 1)
at (x1,22) = (2 — p, 1), and reaches its minimum a(a — 1) at (z1,z2) = (0,1). Thus, we
have fo(z1,22) € [a(a — 1), {a — (2 — p)})(a— 1))

(b) When p—1<a <2—p, fo(x1,22) reaches its minimum a(a — 1) at (x1,2z2) = (0,1). If
a < 1/2, then f,(x1,x2) reaches its maximum {a —(2—p)}(a—1) at (x1,22) = (2—p, 1)

and if a > 1/2, then f,(z1, z2) reaches its maximum {a—(p—1)}a at (z1,22) = (0,p—1).

(¢) When a > 2 — p, we have a > z1. fqo(z1,72) reaches its maximum {a — (p — 1)}a at
(x1,22) = (0,p — 1), and reaches its minimum a(a — 1) at (z1,22) = (0,1). Thus, we

have f,(x1,22) € [a(a — 1), {a — (p — 1)}d].

To obtain the results in Corollary 1, we examine the case when 2 —p < ¢(1,2 — 2) < p— 1. From

the bounds for f,_ (12— (px(1),1 — pz(0)), we have 74(2) € [1,ux(2)] where

B qz(1,2 — 2) 1—qe(1,2—2)
) ={ T o o )

According to Theorem
7(z) =Y Pr(X;=a|D;=1) 12(2)Qux(2),

where Qg(z) = {maz(1,2 — 2) — mx(0,2 — 2)} {gx(1,1) — g(1,2)}. Therefore, under 2 — p <

ming{¢z(1,2 — 2)} < maxg{¢z(1,2 — 2)} < p — 1, the upper bound of 7(z) is

Y PrXi=a|D;=1)[[{Qu(2) 2 0}Qu(2)ua(2) + {Qa(2) < 0}Qu ()], (54)



and the upper bound of 7(z) is

> Pr(Xi=ax | Di=1) [[{Qu(2) > 0}Qu(2) + [{Qu(2) < 0}Qa(2)] ta(2). (S5)

When Assumption [S1] holds instead of Assumption[l] we can replace Pr(X; = @ | D; = 1) with
in and to obtain the bounds. For other cases with different relative magnitude among

p—1,2—pand g.(1,2 — 2z), we can obtain bounds for 7(z) using a similar technique.

S2. Computation

In this section, we provide the details of the EM algorithms for the the proposed sensitivity analyses.
We will give the algorithms under Assumption [I} Note that when sensitivity parameter is zero, we
obtain the point estimates under Assumptions Recall that the following model is fit to the

units with D; =1 (G; = ¢).

Yi(2) = I(Ya(z) >0) where Yi(z) = g(z, Xi) + e,
Yia(z,47) = I(Yia(z,4}) > 0) where Yio(z,yi) = f(z,5, Xi) + e,
€1 0 1 0
~ N2 72 — ,
€i2 0 0 1

where ¢g(-) and f(-) have linear forms

9(z,x) = ap+azz+zax + zxazy,

f(zoy1,2) = Po+ Bzz+ Pyyr + Bzyzyn + xBx + 2xBzx + yixByx.

Define “/il = (1a Zi7 Xia ZiXi)T7 v‘/’ﬂ = (17 Ziv }/ﬁv Zzif,;{, Xl'a Zth}/;l(X’L)Ta o = (a()v az,0x, aZX)T7
and B = (8o, Bz, By, B2y Bx, Bzx, Brx) . Because Y;1(2) = Yi1, Yii(2) = Yy and Yii(2) = Yy if

Z; = z. Similarly, Zz(z, yy) = 22 and Yjo(z,y1) = Yio if Z; = z and Y} = y}. Thus, we can rewrite



our model using the observed data:

* = I(Y;; >0) where Y; = Wa+ e,

Yip = I(Yip >0) where Yo = W8+ eo,
€i1 0 1 0
~ N2 ’2 —
€2 0 01

S2.1. Sensitivity Analysis for Unobserved Confounding

We present the EM algorithm for the sensitivity analysis regarding unobserved confounding. We

write our model as,

;1( = I(?zl > 0) where }71'1 = Wha+ ¢,
Yio = I(Yig >0) where Y = Wi+ €,
(S6)
€; 0 1
il ~ N, ’2 _ 1%
€i2 0 p 1

The complete-data log-likelihood function is given by,

Y= Wia)? | p(Ya—Wia)(Ye-WiB) (Y- W;]B)?

)

2(1-p?) 1—p? 2(1-p?)
J{Y;1 (Y1 — 0.5) > 0} - I{Yia(Yiz — 0.5) > 0} + constant.

N
log Le(a, B) = Y I{Di=1}- |-
=1

Let O; be the observed data for unit i, i.e., O; = (Y1, Yo, Zi, D; = 1,X;)", and let £€%) be the

estimate of & after the k-th iteration. In the E-step, we need to compute:
E(Ya | 05,a®, W), E(Yz | 0i,a®, W),

Because (ﬁl,ﬁg)T | 0;,a®, B%) follows a truncated bivariate Normal distribution with mean

(VV,Ja, VVE,@) and covariance matrix s, we use R package tmvtnorm to compute them.



In the M-step, we need to update the parameters based on

Vi = Wioa+e, 5712=W55+6i2-

Because we know the covariance matrix of the error terms (€;1,€;2), we can transform the two
regression equations to

Y; W; 0 « €;
22—1/2 : 222—1/2 i +22—1/2 i1

Yio 0o w; /€] €2

Then, we can use ordinary least squares regression to update the parameters.

After obtaining the maximum likelihood estimates of the parameters, we can then write,

P{Yi(2,Yi(Z) =1|Gi=c} =Y P{Ya(2, V() =1| Xi =2, D; = V}pr(X; = a | D; = 1)

= Y [P{Ya(z1) = LY;i(?) = 1| X; =2,D; = 1} + P{Yi2(2,0) = 1,Y;;(?) = 0| X; = &, D; = 1}]

pr(X;=x|D;=1)
= Z[P{EQ > _f(zvlvm)aeil > —g(z,m) | Xi=z,D; = 1}

x

—|—P{€i2 > —f(z,(),a:),eil < —g(z,a:) | X, =x,D; = 1}]pr(Xl =x | D, = 1)

We calculate the terms above using the cumulative distribution function of bivariate Normal dis-
tributions. Then, based on P{Yi2(z,Y;i(')) = 1| G; = ¢}, we compute the estimated average
contagion and direct effects.

S2.2. Sensitivity Analysis for Additive Measurement Error

We assume

~ Gi > 0 02 peo
Yi(2) = I{¥iu(z)+ G >0} and o N, 3= ¢

€i2 0 pec 1

where 02 and p, are pre-specified.



Therefore, we can write the model as:

Yi=I1Y,—-¢>0), Yiq=I()>0) where illzvvga"i_eélv

Yio = I(f/z'z >0) where Yio = W3 8 + €ia,

(S7)
€, 0 1402 peo
G N@O,0Y, [T~ N B = ‘
€i2 0 PeO 1

Treating Y};, Y} and 171'2 as missing data, we can write the complete-data log-likelihood for the

units with D; =1 as

log L¢(§)

al 1 (Y -Wia)? p (Y —Wie)(Y - WiB) | (Y- WiB)>
= Y IDi=1)| -7 e +
i=1 1 —pe 2(1+02?) V1+ o2 2

+h(Y7, Y | - I{Yi (Y}, — 0.5) > 0} {Yia(Yig — 0.5) > 0} + constant,

where pl, = peo/V1+ 02, and h(Y;5,Y},) is the likelihood that corresponds to pr(Y3 | Yi,) which

does not affect our parameter estimation.
We use the EM algorithm to obtain the MLEs of a and 3. We ignore D; = 1 in the following
derivation. In the M-step, we update the parameters conditionally. In particular, we update «

conditional on 3:

N —1
aFt = {Z EWaW, | Oi,EW)} {ZE (Wzlﬁll — N1+ 02 Wit (Yie — W5 7)) | Oi»ﬁ(k))}

i=1 1

N
i
N

N —1
{ZE(W“WJ ‘ Oi»ﬁ(k))} {ZE (Wzlf/ﬁ — peo Wit (Yiz — Wiy 8M) | Oi7€(k>>} (88)

i=1 i=1

and update 3 conditional on a:

B(k+1) — {

M=
M=

V1402

- : o T, (k+1)
E (Wi2Yi2 - f’e"Wﬂ%M‘f““ )| 0,-,5““))}. (S9)

-1 /YA ’ T (k+1)
E(Wi2Wi2|Oi7§(k>)} { E(Wimg—”EWQ(YZ'1 Wi a )|oi,g<k>>}

1

.

1

.

M=
M=

—1
E(WiuW,5 | Oi7£(k))} {

1

<.
Il

1

o
Il
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Therefore, we need to calculate the following conditional expectations in the E-step:

B2 0;,¢W) = B(Y; | 0;,¢0), B, Y5 | 0;,€60)

E(Y}, | 04,€M), E(YnY:|0:,¢e®), E(Yy|O0;,e").

We calculate them separately. First, given Y}, Y and Yo, (Y — G, Yl’bffﬂ) follows a trivariate

truncated Normal distribution:

Y =G Wi 1 1 0
Y/ ~ TN3 Wia |, 21=|1 1402 peo ;

Y; W8 0 peo 1

where the truncated intervals are given by Y3 = I(Y; — ¢ > 0), Y;1 = I(Y}/} > 0) and Yjp = I(Yi2 >

0). By Bayes Theorem, we have

B 04,60 =pr(Y = 1| Zi, D; = 1, X;, W)
pr(Yii =1,Y, Y | O;, W)
pr(Y; =1,Yn,Yie | Zi, Di =1, X, €R) +pr(Y = 0,Yi1,Yae | Zi, D = 1, X;,€R))’

where pr(Y;, Y1, Yio | Zi, Di = 1, X;, %)) can be calculated from R package tmvtnorm, which con-
tains functions for calculating cumulative distribution functions and expectations for multivariate

truncated Normal distributions. Using this package, we can then calculate

EYLY; 10,6 = B | Y =1,0,6W) pr(Y;; = 1] 0;,60),
E(Y} | 0:,€W) = BYLY: | 0:,6W) + BV (1-Y7) | 0;,€W),
E(YpYi | 0i,eW) = EYin|Yi=1,0,6W) . pr(v; =1]0;,&W)

E(Yia | 0:,€%)) = E(YipY7 | 04,eW) + EYin(1-Y7) | 04, ™).

Based on these conditional expectations, we can update the parameters using (S8|) and (S9).

11



After obtaining the maximum likelihood estimates of the parameters, we then write,

P{Ya(=Yi(2) = 1| Gi=c} = 3 P{Ya(2, Yi(z) = 1| Xi =, Di = Upe(X; =2 | Di = 1)

= D [P(Y(x1) = LYii() = 1| Xi = 2,D; = 1} + P{Yia(2,0) = 1, Y;i(z') = 0| X; = &, D; = 1}]
xr

= Y [Plen > —f(z.1,2),e1 > —g(z,2) | X; =z, D; = 1}

T

+P{eia > —f(2,0,x),6;1 < —g(z,x) | X; =x,D; = 1}pr(X; =x | D; =1).

We calculate the terms above using the cumulative distribution function of bivariate Normal dis-
tributions. Then, based on P{Yj2(z,Y;i(?')) = 1 | G; = ¢}, we compute the estimated average

contagion and direct effects.

12
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