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Abstract

Many randomized experiments suffer from the ‘‘truncation-by-death’’ problem where potential outcomes are not

defined for some subpopulations. For example, in medical trials, quality-of-life measures are only defined for surviving

patients. In this article, I derive the sharp bounds on causal effects under various assumptions. My identification analysis is

based on the idea that the ‘‘truncation-by-death’’ problem can be formulated as the contaminated data problem. The

proposed analytical techniques can be applied to other settings in causal inference including the estimation of direct and

indirect effects and the analysis of three-arm randomized experiments with noncompliance.

r 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In a randomized medical trial, researchers are often interested in estimating the causal effects of a treatment
on various quality-of-life measures. However, these outcomes are only measured for surviving patients and are
not even defined for those individuals who die during the trial. Thus, the causal quantities of interest are
defined only for those patients who would survive under both the treatment and control conditions. A similar
‘‘truncation-by-death’’ problem also arises in other experiments. For example, suppose that one conducts a
randomized experiment to estimate the causal effects of a certain teaching program on students’ test scores.
Since the test scores are not defined for those who drop out of school during the experiment, one can estimate
the causal effects only for those who would stay in school under both the treatment and control conditions.

Zhang and Rubin (2003) analyzes this ‘‘truncation-by-death’’ problem using the principal stratification
approach of Frangakis and Rubin (2002), and derives the bounds on the average treatment effect. In this
article, I provide an alternative proof that these bounds are sharp (i.e., the shortest bounds possible without
e front matter r 2007 Elsevier B.V. All rights reserved.
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additional assumptions). I also show how the proposed proof can be generalized to derive the sharp bounds on
the quantile treatment effect, which is another commonly used causal quantity of interest (e.g., Abadie et al.,
2002). In particular, I demonstrate that the ‘‘truncation-by-death’’ problem can be formulated as the
contaminated data problem and apply the identification results of Horowitz and Manski (1995) to derive the
sharp bounds. Under additional assumptions, the bounds of Zhang and Rubin (2003) can be simplified and
are shown to have a closed-form expression unlike the expression given in the original paper which involves
numerical optimization. Finally, I briefly discuss the other potential applications of the analytical techniques
employed in this article.
2. Framework

Consider a random sample of size n from a population. Let Ti be a binary treatment variable which is equal
to 1 if unit i is treated and is equal to 0 if unit i belongs to the control group. Following the potential outcome
framework (e.g., Holland, 1986), let W iðtÞ denote the potential ‘‘truncation-by-death’’ indicator variable
under the treatment status Ti ¼ t for t ¼ 0; 1. For example, W ið1Þ ¼ 1 means that unit i dies under the
treatment and hence the outcome variable is not defined for this unit under the treatment arm. The observed
‘‘truncation-by-death’’ indicator, therefore, is given by W i ¼ TiW ið1Þ þ ð1� TiÞW ið0Þ. Next, let Y iðw; tÞ
denote the potential outcome under the treatment status Ti ¼ t and the truncation status W iðtÞ ¼ w for
t;w ¼ 0; 1. While Y ið0; tÞ exists, Y ið1; tÞ is not defined. Similarly, the observed outcome, Y i, exists only for
units with W i ¼ 0. Throughout this article, I assume that the treatment is randomized,

Assumption 1 (Randomization of the treatment).

ðY ið0; 0Þ;Y ið0; 1Þ;W ið1Þ;W ið0ÞÞ@Ti for all i.

3. Sharp bounds without assumptions

Applying the principal stratification approach of Frangakis and Rubin (2002), Zhang and Rubin (2003)
show that the unit causal effect is defined only for the subpopulation of units whose outcome would not be
truncated under both the treatment and control conditions, i.e., Y ið0; 1Þ � Y ið0; 0Þ. They then derive the
bounds on the average treatment effect (ATE) for this subpopulation,

tATE ¼ E½Y ið0; 1Þ � Y ið0; 0ÞjW ið0Þ ¼ 0;W ið1Þ ¼ 0�. (1)

Here, I prove that the bounds on tATE given in Zhang and Rubin (2003) are sharp and derive the sharp bounds
on the quantile treatment effect (QTE) for the same subpopulation,

tQTEðaÞ ¼ q00j1ðaÞ � q00j0ðaÞ, (2)

where q00jtðaÞ � inffy:P00jtðyÞXag is the a-quantile of the distribution P00jt for a 2 ð0; 1Þ. For example, if
a ¼ 0:5, then tQTE represents the median treatment effect.

Let Pt � PðyjW i ¼ 0;Ti ¼ tÞ be the conditional distribution of the observed outcome variable given the
treatment status. I use Pw00j1 � Pðyð0; 1ÞjW ið0Þ ¼ w0;W ið1Þ ¼ 0;Ti ¼ 1Þ and P0w1j0 � Pðyð0; 0ÞjW ið0Þ ¼
0;W ið1Þ ¼ w1;Ti ¼ 0Þ to represent the conditional distributions of the two potential outcomes given the
treatment status for a corresponding subpopulation. Finally, define pw0w1

� PrðW ið0Þ ¼ w0;W ið1Þ ¼ w1Þ for
w0; w1 ¼ 0; 1. I assume p0040 so that the causal quantities of interest in Eqs. (1) and (2) are well defined.

As shown in Zhang and Rubin (2003), the observed outcome distribution can be written as a mixture of the
two unobserved distributions,

P0 ¼
p00

1� p0

P00j0 þ 1�
p00

1� p0

� �
P01j0, ð3Þ

P1 ¼
p00

1� p1

P00j1 þ 1�
p00

1� p1

� �
P10j1, ð4Þ
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where pt ¼ PrðW i ¼ 1jTi ¼ tÞ. Note that the sampling process only identifies Pt and pt for t ¼ 0; 1, while only
the following sharp bounds are identified for p00,

p00 2 P � ð0; 1� \ ½1� p0 � p1;minð1� p0; 1� p1Þ�. (5)

I now establish the sharp bounds on the ATE and the QTE by applying the identification results of
Horowitz and Manski (1995).

Proposition 1 (Sharp bounds without assumptions). Let O be the sample space of Y. Define rtðaÞ ¼
inffy:Pt½�1; y�Xag if 0oao1, rtðaÞ ¼ inffy: y 2 Og if ap0, and rtðaÞ ¼ supfy: y 2 Og if aX1. Then, given

Assumption 1, the following sharp bounds can be derived:
1.
 Average treatment effect:

tATE 2 min
p002P

Z
ydL1�p00=ð1�p1Þj1

�

Z
ydU1�p00=ð1�p0Þj0

� �
;max
p002P

Z
ydU1�p00=ð1�p1Þj1

�

Z
ydL1�p00=ð1�p0Þj0

� �� �
,

where the distributions, Lgjt and U gjt for t ¼ 0; 1, are defined as follows:

Lgjt½�1; y� �
Pt½�1; y�=ð1� gÞ if yortð1� gÞ;

1 if yXrtð1� gÞ;

(

U gjt½�1; y� �
0 if yortðgÞ;

ðPt½�1; y� � gÞ=ð1� gÞ if yXrtðgÞ:

(

2.
 Quantile treatment effect:

tQTE 2 min
p002P

r1
ap00
1� p1

� �
� r0 1�

ð1� aÞp00
1� p0

� �� �
;max
p002P

r1 1�
ð1� aÞp00
1� p1

� �
� r0

ap00
1� p0

� �� �� �
.

The proof is given in Appendix.
4. Sharp bounds with additional assumptions

Zhang and Rubin (2003) consider the two assumptions that can be used to tighten the sharp bounds in
Proposition 1. First, it may be assumed that those individuals who would survive under both the treatment
and control conditions are healthier than those who die under one of the two conditions.

Assumption 2 (Stochastic dominance).

P00j0½�1; y�pP01j0½�1; y� and P00j1½�1; y� p P10j1½�1; y�; for all y 2 O.

Under this assumption, as the following proposition shows, it is possible to obtain a closed-form expression
of the sharp bounds,

Proposition 2 (Sharp bounds under the stochastic dominance assumption). Suppose that p0 þ p1o1. Then, under

Assumptions 1 and 2, the following sharp bounds can be derived:
1.
 Average treatment effect:

tATE 2 Y 1 �

Z
ydUp1=ð1�p0Þj0

;

Z
y dUp0=ð1�p1Þj1

� Y 0

� �
,

where Y t ¼ EðY ijW i ¼ 0;Ti ¼ tÞ for t ¼ 0; 1.
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2.
 Quantile treatment effect:

tQTE 2 r1ðaÞ � r0 1�
ð1� aÞp1

ð1� p0Þ
2

( )
; r1 1�

ð1� aÞp0

ð1� p1Þ
2

( )
� r0ðaÞ

" #
.

The proof is given in Appendix. Note that Y t is identifiable from the data. The closed-form expression of
the sharp bounds on the ATE, derived in Proposition 2, simplifies the expression given in Zhang and Rubin
(2003), which involves numerical optimization.

Secondly, Zhang and Rubin (2003) consider another assumption, which states that there exists no unit
whose outcome would be truncated only under the treatment.

Assumption 3 (Monotonicity).

W ið1ÞpW ið0Þ for all i,

which implies p00 ¼ 1� p0.

Because of the bounds on p00 given in Eq. (5), Assumption 3 has a testable implication, i.e., p1pp0, which
can be checked using the observed data. Under this assumption, the closed-form sharp bounds can be
obtained by substituting p00 ¼ 1� p0 into the sharp bounds in Proposition 1,

tATE 2

Z
ydLðp0�p1Þ=ð1�p1Þj1

� Y 0;

Z
ydU ðp0�p1Þ=ð1�p1Þj1

� Y 0

� �
, ð6Þ

tQTE 2 r1
að1� p0Þ

1� p1

� �
� r0ðaÞ; r1 1�

ð1� aÞð1� p0Þ

1� p1

� �
� r0ðaÞ

� �
. ð7Þ

Finally, if both Assumptions 2 and 3 hold (in addition to Assumption 1), then the sharp bounds can be
further simplified as follows:

tATE 2 Y 1 � Y 0;

Z
ydU ðp0�p1Þ=ð1�p1Þj1

� Y 0

� �
, ð8Þ

tQTE 2 r1ðaÞ � r0ðaÞ; r1 1�
ð1� aÞð1� p0Þ

1� p1

� �
� r0ðaÞ

� �
. ð9Þ

The closed-form expressions of the sharp bounds on the ATE shown in Eqs. (6) and (8) again simplify the
expressions given in Zhang and Rubin (2003). Furthermore, the bounds in Eqs. (8) and (9) imply that under
Assumptions 2 and 3, a naive analysis based on the units with W i ¼ 0 underestimates the ATE and QTE.
5. Concluding remarks and possible applications

In this article, building on the works of Zhang and Rubin (2003) and Horowitz and Manski (1995), I show
how to derive sharp bounds on the average treatment effect and the quantile treatment effect in randomized
experiments with the ‘‘truncation-by-death’’ problem under several assumptions. A similar analytical strategy
can be applied to three-arm (or more) randomized trials with noncompliance (Imai, 2005; Cheng and Small,
2006) as well as randomized experiments with both noncompliance and ‘‘truncation-by-death’’ in order to
derive the sharp bounds on various causal quantities of interest. Yet, another application is the identification
of direct and indirect effects in randomized experiments (Rubin, 2004). This line of research is currently
undertaken by the author (Imai, 2007).
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Appendix A. Proofs of the Propositions

The proof of Proposition 1 uses the following lemma, which shows that the identification results with the
contaminated data, specifically those in Horowitz and Manski (1995, Proposition 4) can be directly applied to
the situation where the lower bound as well as the upper bound on the error probability are known.

Lemma 1 (Identification with the contaminated data when both upper and lower bounds are known). Let

ðY 0;Y 1;ZÞ be random variables where Y 0;Y 1 2 O and Z 2 f0; 1g. Assume that only Y � Y 0ð1� ZÞ þ Y 1Z is

observed. Moreover, let Q � QðyÞ be the distribution of the observable Y, and Pij � Piðyijz ¼ jÞ denote the

distribution of Y i given Z ¼ j for i; j ¼ 0; 1. The sampling process identifies Q but neither P11 nor P00 is identified,
where Q ¼ ð1� pÞP11 þ pP00 and p 2 ð0; 1Þ is the error probability.

Suppose that 0pl0pppl1o1, and that both l0 and l1 are assumed to be known. If gð�Þ is a function that

respects stochastic dominance, then the following bounds are sharp:

gðP11Þ 2 ½gðLl1 Þ; gðUl1 Þ�,

where

Lg½�1; y� �
Q½�1; y�=ð1� gÞ if yorð1� gÞ;

1 if yXrð1� gÞ;

(

U g½�1; y� �
0 if yorðgÞ;

ðQ½�1; y� � gÞ=ð1� gÞ if yXrðgÞ;

(

and, rðaÞ ¼ inffy:Q½�1; y�Xag if 0oao1, rðaÞ ¼ inffy: y 2 Og if ap0, and rðaÞ ¼ supfy: y 2 Og if aX1.

Proof of Lemma 1. Suppose that p is known. Then, the same argument as the one given in the proof of
Proposition 4 of Horowitz and Manski (1995) can be applied to show that gðP11Þ 2 ½gðLpÞ; gðUpÞ� and that
these restrictions are sharp. Next, I show that for any �40 and p such that pþ �o1, Lp½�1; y�pLpþ�½�1; y�
and Up½�1; y�XUpþ�½�1; y� hold for all y 2 O. If yorð1� p� �Þ, then Lpþ�½�1; y� � Lp

½�1; y� ¼ �Q½�1; y�=½ð1� pÞð1� p� �Þ�X0. If rð1� p� �Þpyorð1� pÞ, then Lpþ�½�1; y� � Lp½�1; y� ¼
1�Q½�1; y�=ð1� pÞX0. If yXrð1� pÞ, then Lpþ�½�1; y� � Lp½�1; y� ¼ 0. A similar calculation can be used
to establish Up½�1; y�XUpþ�½�1; y�. Thus, since gð�Þ respects stochastic dominance, ½gðLpÞ; gðUpÞ� �

½gðLpþ�Þ; gðUpþ�Þ� for any p and �40 with pþ �o1. Finally, if 0pl0pppl1o1 and l0 and l1 are known, then
gðP11Þ 2

S
l0pppl1 ½gðLpÞ; gðUpÞ� ¼ ½gðLl1 Þ; gðUl1Þ�: &

Next, I provide the proof of Proposition 1. The proof is given only for the bounds on the ATE. A similar
proof can be constructed for the QTE.

Proof of Proposition 1. Assume that the value of p00 is known. Since the mean respects stochastic dominance,
applying Lemma 1 to Eqs. (3) and (4) yields the following sharp bounds, E½Y ið0; tÞjW ið0Þ ¼
0;W ið1Þ ¼ 0� 2 ½

R
ydLp00jt;

R
y dLp00jt�, for t ¼ 0; 1. Then, the bounds on the ATE are given by tATE 2

½
R

ydLp00j1 �
R

ydUp00j0;
R

ydUp00j1 �
R

ydLp00j0�. To prove that these bounds are sharp, note that the
sampling process does not yield any restriction on the joint distribution of the potential outcomes
ðY ið0; 0Þ;Y ið0; 1ÞÞ because only one of them is observed for each unit. Thus, the sampling process does not
provide any restriction on ðP00j0;P00j1Þ other than Eqs. (3) and (4). Then, given a fixed value of p00, the bounds
on the ATE are sharp. Finally, since the value of p00 is unknown, minimizing (maximizing) the lower (upper)
bound over the possible range of p00 gives the desired sharp bounds on the ATE. &

To prove Proposition 2, I first prove the following lemma:

Lemma 2 (Stochastic dominance). In Lemma 1, assume further that P00 is stochastically dominated by P11, i.e.,
P11½�1; y�pP00½�1; y� for all y 2 O. Then, Lemma 1 holds by modifying the definition of the distribution, Lg,
as Lg½�1; y� � Q½�1; y�, which no longer depends on the value of g.
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Proof of Lemma 2. Let C be the set of all possible probability distributions for Y i with i ¼ 0; 1. The
identification region for ðP11;P00Þ is given by, ðP11;P00Þ 2 fðc11;c00Þ 2 C�C:Q ¼ ð1� l1Þc11 þ l1c00;c11

½�1; y�pc00½�1; y� for all y 2 Og. Thus, the identification region for P11½�1; y� is given by,
P11½�1; y� 2 C11ðl1Þ � fðQ½�1; y� � l1c00½�1; y�Þ=ð1� l1Þ : c00 2 fc00 2 C:c00XQ½�1; y�gg. This implies
that every member of C11ðl1Þ stochastically dominates Ll1 , i.e., Ll1 ½�1; y� ¼ Q½�1; y�Xc11½�1; y� with
c11½�1; y� 2 C11ðl1Þ for all y 2 O. Using the same argument given in the proof of Proposition 4 of Horowitz
and Manski (1995), one can also show that Ul1 stochastically dominates every member of C11ðl1Þ. Since gð�Þ

respects stochastic dominance, the results follow immediately. &

Now, the proof of Proposition 2 is immediate. The proof is given only for the bounds on the ATE. A similar
proof can be constructed for the QTE.

Proof of Proposition 2. Lemma 2 implies that the sharp lower bound of E½Y ið0; tÞjW ið0Þ ¼ 0;W ið1Þ ¼ 0� for
t ¼ 0; 1 equals Y t and does not depend on the value of p00, while its upper bound remains the same as before.
This yields the desired results. &
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