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Supplementary Appendix

Section S1 provides additional details on the efficient estimation. Section S2 provides the
proofs of the results and Section S3 presents additional results on the simulation and empiri-
cal analysis.

APPENDIX S1: ADDITIONAL DETAILS ON THE EFFICIENT ESTIMATION

S1.1. Additional intuition about the EIFs in Theorem 2. We focus on ¢n(Z:) —
my,s,, which consists of three terms. First, the difference term my; g, (21, X;1) —my, s, corre-
sponds to the perturbation of the marginal distribution of X;;. The second term corresponds
to the perturbation of the conditional distribution of Yj; given S;; = 1, Z;;, and X ;. Finally,
the last term can be decomposed as:

t _ e _
Z HZ;p—1=2zZv_1 H{Siwmy,s,(Zv, Xi) — Sip—1my,s,(Zv—1, Xip—1)}
b my—1(Ze—1, Xip—1)

¢ _ - - _
1 Z — = 1 S" —_ — X [

_ [ { it _1 th 1} it {thSt(zt’;Xit/)_thSt_(zt 1,7 it 1)}]
o L1 (Ze—1, Xip-1) e (Ze—1, Xip—1)

t JR— _ _ PR _ PR
n Z [1{Zz',t/1 =Zy 1 H{Siw — Sipv—1pr (Zp—1, Xi,t’l)}thSf,(Zt’17Xz',t’1):|

o pt’(Et’—l7Yi,t’—l)ﬂ't’—l(Et’—lafi,t/—l)

where the equality follows in part from my,s, (Zv—1, Xiv—1) = E{my,s, (Z¢, Xi') | Sixr =
1,z 1,Yl o1} Xpy(Zv— 1,?, +—1). The first summation corresponds to the perturbation
of the conditional distribution of X ;- given S;y =1, Z; +—1,and X; +'—1, while the second
represents that of the conditional distribution of S;» given S; 1 =1, Z it —1s X it —1-

S1.2. Formulas for the efficient estimators. The estimators for 74(2;—1) and 6(§) are
given by

%z 1,1) — o (21,0
#(Z1) = N (2 17A ) 7¢N(Zt 1 )’
¢D(Zt—1)
T
=) ) dn(z)é(z0),
=1 z
where
lzn: [thSt 21, X)) + 1{Zi :zt}sit{}?t _—m}/ts‘(zt’fit)}
ni— (2, Xit)
. zt: WZ;p1=zv_1 H{Swry,s,(Zv, Xiw) — Siy—11my,s,(Zv—1, Xir—1)}
by f—1(Ze—1, Xip—1)
) 1< Y{Z; 1 =21 }{Su — Sip—1ms, (Zi—1, X
bp(zr) = = |:mS,,(ZlaXi1)‘|‘ {Ziy1=2% 1A}{ it lemSt(Zt 1, Xii-1)}
n Tp—1(Ze—1, Xit—1)

=1

-1 o = _ R — .
. Z HZ;y1=2v 1 H{Suwms, (Zv, Xiv) — Sip—1ms, (Zv—1,Xip-1)}
o Ty —1(Zv—1, Xip-1)
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APPENDIX S2: PROOFS
S2.1. Proof of Theorem 1. We first prove Theorem 1(a). We can write
E{Yi(2:)Sit(Z1-1)}
PI‘{SZ't(Zt_l) = 1} '
We consider the numerator and the denominator separately. For the denominator, because
Si+ = 1 implies S;» = 1 for any ¢ > t, we have,

Pr{Sz-t(Zt_l) = 1}
== PI"{Sit(Zt_l) == 1, ey Sig(zl) == 1}

E{Yit(2) | Sit(ze-1) =1} =

= /Pr{Sit(zt_l) =1,.. .,S,-g(zl) =1 | Xi1= xl}ll(wl)dxl
= /Pr{Sit(Zt_l) = 1, .. .,Sig(zl) =1 | Zil = Zleil = ZIZl}ll(:Bl)dCL'l

= /Pr{Sz‘t(zt—l) =1,...,83(22) =1 Sie=1,Zi1 = 21, X1 = x1}p2(21, 1)1 (21)dz,

where the third equality follows from Assumption 2. We can further write:
Pr{Sit(zi-1) =1,...,83(22) = 1| Sia =1, Zi1 = 21, Xj1 = 71}

= /PT{Sit(Ztl) =1,...,83(22) =1 Sin=1,Z1 = 21, Xs2 = T2 Ha (21, T2)dx>
= /Pr{Sz‘t(zt—l) =1,...,83=1|Sin=1,Z;s =22, Xj0 = @2 }2(21, T2)dT2

= /PT{Sit(Ztl) =1,...,84(23) =1| Siz=1,Zi2 = 22, Xi2 = T2 }p3(Z2, T2)l2(21, T2)dx2,

where the third equality again follows from Assumption 2. Applying this step iteratively, we
obtain:

(S Pr{Sit(z1-1) =1} = /

t

-1
pr(Zp—1,Tp—1) H Ly (Zy—1, @ )dT—1.
=2 t'=1

For the numerator, we use a similar procedure to obtain:
E{Yit(2t)Si(21-1)}

t t—1
= /E{Yz‘t(zt) 1St =1,Z;4-1=2-1,Xit—1==T4_1} H P (Ze—1, %y 1) H ly(Zy—1, @)A1
=2 t'=1
t t
= /E{Yit(zt) | Sit=1,Z;1-1=21—1, X it = T4} H P (Ze—1, %y 1) H ly (Zy—1, @y )z,
t'=2 t'=1

t ¢
= /Ht(ZtS%)t) H pe(Ze—1,% 1) H Iy (Zy -1, @y )dEy,
=2 t'=1
where the third equality follows from Assumption 2. Combining Equations (S1) and (S2)
leads to the desired result.
We next prove Theorem 1(b). Using the law of total expectation, we have:

B WZit1=2-1,5: =1}
[ Pr(Zip =20 | S =1, Zsp—1=Zp—1, Xjp = Ty)




1{Z1—1=2-1,5 =1}
Hi/_:ll Pr(Zip =2y | Sivr =1, Zsp 1 = 2o 1, Xip = Zy)

’ Xﬂ =T l1($1)da’,’1

WZit1=2-1,S: =1}

E — —
/ ?:12 Pr(Zip =2 | Si =1, Z;p—1 = Zp—1, Xip = 1)

’ Sio=1,Z;1 =2,X51 = 331]

p2(21, x1)l1 (x1)dzy

H{Zir1=2_1,5:=1}
15—, Pr(Zip = 21

Xp2(z1,x1)l2(21,&2)l1 (21)d22

E — ’ Si2=1,Zi1221,Xi2=§32]

Siw=1,Zip 1=2p_1, Xz =%y)

HZiy 1=% 1,5 =1 — -
:/E Zi =215 =1) ’5i3:1,212:z2,X12:m2]

Hi/ ! s Pr(Zip =20 | Siv =1, Zip 1 = 21, Xip = &)

X p3(Z2, T2)p2(z1, T1)l2(21, Z2)l1 (21)dTs.
Applying the procedure iteratively, we obtain:

E H{Zis1=2-1,5: =1}
Hi_:ll Pr(Zip =2p | Siy =1, Zip—1 = Zp—1, Xip = XTyr)

t t—1
:/Hpt’(zt’lajt’l) H ly(Zy—1,2p )dEs—1,

t'=2 t'=1

which, together with Equation (S1), yields the inverse probability weighting formula for
Pr{S;t(Z;—1) = 1}. Similarly, we can derive:
Yul{zy =2, 5: =1}
Ht/ 1\ Pr(Ziv =20 | Siv =1, Zip—1 = 21, Xiy = Tv)

Yul{Zi= 2,54 =1 _ —
= /E [ L {Zz,t 2 - i — Sp=1,Z;3 1=z 1, X1 =T41
Pr(Zip=2z|Su=1,Zi4-1 =21, Xip—1=Tr_1

t—1
X Hpt’ Zy_1,%p 1) Hlt’ Zy_1, %y ) AT
=2 t=1
t t
= /Mt(zt,xt) Hpt'(it'—l,it'—l) H ly(Zy—1, @ ) Ay,
tr=2 t=1

which, combined with Equation (S2), yields the inverse probability weighting formula for
E{Yit(2:)Sit(Z—1)}. O

S2.2. Proof of Proposition 1. For my,s, (Zy, X;/) with ¢’ < t, we have:
my,s, (Zv, Xiv)
=E{Yit(2:)Sit(ze-1) | Siw1=1,Zi = 2/, X } Pr(Sips1 =1 Sir =1, Zjp = zp, X ')
=E [E{Yit(2:)Sit(Zt—1) | Sips1=1,Zi =2, X p1} | Sivs1 =1, Zi = 20, Xiv|
xPr(Sipi1=1|Sw=1,Zyp =2zv, Xit)

=E{my,s,(Zv1+1, Xip+1) | Sip1=1,Zs =z, X } pr+1(Zp, Xiv)
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=E{Sivr1imy,s, (Zv+1, Xip+1) | S =1, Zip = Zo, Xap' }

where the third equality follows from Assumption 2.

For mg, (Zy, X ) with t/ <t — 1, we have:
ms, (Zv, Xiv)
=E{Su(z—1) | Sip+1=1,Zip = 2o, X } Pr(Sips1=1|Siw =1, Z;p = zp, X 1)
=E[E{Sit(Z—1) | Siz+1=1,Zi =20, Xip1} | Sips1=1,Zip = Zp, Xiv/|
XPr(Sipi1=1|Sw=1,Zy =2y, Xi)
=K {mSt(Zt’-i-lei,t’ﬁ-l) \ Si,t'+1 = 1,71'15' = Ztuyit'}Pturl(Z_t',Yit')
=E{Siviims, (Zv41, Xip41) | Siw =1, Zyw =21, X |,

where the third equality again follows from Assumption 2. O

S2.3. Proof of Theorem 2. We derive the EIFs for the case with 7" = 3. The derivation
with general 7' is similar and thus omitted. We first introduce the following lemma for the EIF
of a ratio-type parameter. The proof of this lemma appears in Jiang, Yang and Ding (2022).

LEMMA S1. Consider a ratio-type parameter R = N /D, where N and D are defined
as functions of the distribution of variables V. If Nglo—o = E{on(V)s(V)} and Dglo—o =
E{op(V)s(V')} where 0 is the parameter of a submodel and s(-) is the score function, then
Rolo=o =E{or(V)s(V)} where

(S3) er(V) = %@N(V) - gng(V).

In particular, if on (V') and op(V') are the EIFs for N and D, then or(V') is the EIF for R.

This lemma implies that because

(52) = E{Yi3(22,1)Si3(22)} — E{Y;3(22,0)S:3(22)}
S E{Si3(22)} ’

3

0€) = > E{Vu(2)Sit(Z1-1)} Pr{Su(zi1) = 1}&(21).

t=1 2z

it suffices to derive the EIFs for E{Y;3(23)Si3(22)} and E{S;3(Z2)}. We will use the semi-
parametric theory of Bickel et al. (1993) to derive the EIFs. Denote

Vi = (X1, Zi1, Si2, SiaXi2, Si2 Zia, Siz, Siz Xz, SisZiz, SizYis),

which consists of all the observed variables up to time ¢ = 3. The likelihood of V; factorizes
as

fVi) = (X)) f(Zia | Xia) f(Siz | Zin, Xin)
x{f(Xiz | Sio=1,Zi1, X1) f(Zia | Sio =1, Zi1, X i2) [ (Siz | Sio = 1, Zj2, X 12) }°*
(S4) x{f(Xi3 | Sis=1,Zi2, Xi2)f(Zis | Siz =1, Zi2, Xi3) f (Yis | Sis = 1, Zi3, X 13) } 5.
To derive the EIF, we consider a one-dimensional parametric submodel fp(V;), which con-
tains the true model at 0 = 0, i.e., fy(V;)|g=0 = f(Vi). We use 6 in the subscript to de-

note the quantities with respect to the submodel, e.g., Eg{Y;3(Z3)S;3(Z2)} is the value
of E{Y;3(23)Si3(Z2)} in the submodel, and myg y,s,(21,21) is the value of my,g, (21, 1)
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in the submodel. We use dot to denote the partial derivative with respect to 6, e.g.,
Eg{Yi3(23)Si3(22)} = OEg{Yi3(23)Si3(22)} /00, and use sy(-) to denote the score function
of the submodel. From Equation (S4), the score function under the submodel decomposes as

3 3
= " Sit-so(Xit | S =1,Ziy1,Xiz1)+ > Sit-56(Zit | Sit =1, Zi 41, Xt)
— =1
3 JR— PR JR— PR
+ZSz‘,t—1 8(Sit | Sip—1=1,Z34-1,Xi1-1) + Siz-so(Yiz | Sis =1, Z3, X3),
=2

where s(-) represents the score function with sg(-)|g=o = s(+).
From the semiparametric theory, the tangent space is

A=H{ @ HS ® HX @ Hf ® H? ® H? & Hy ® Hy & HY
which is the direct sum of orthogonal subspaces
HX ={Syh(Ziy 1, Xut) B{MZiy—1,Xit) | St =1,Zi 41, X i1} =0},
HtZ = {Sih(Zit, Xst) : BE{n(Zst, X 1) | Sit =1, Zi 41, X s} = 0},
={h(Si2, Zir, X ) E{h(Si2, Zi1, Xi1) | Zin, X1} = 0},
H3 ={Si2h(Si3, Zi2, Xi2) : E{h(Si3, Zi2, Xi2) | Sio =1, Z;2, X2} = 0},
HY ={Sish(Yis, Zi3, Xi3) : E{h(Yis, Z;3, X3) | Sis =1, Zi3, X3} }.
The EIF for my,s, = E{Y;3(Z3)Si3(Z2)}, denoted by ¢1(V;), must satisfy
v, sslo=0 = E{o1(Vi)s(Vi)}
and ¢;1(V;) € A. From the chain rule, we have
M.y, 5, |0=0 = B1 + Ba,

where

Bi= [ mvs, (et lo-odar = [ myis, (1,250l (@)de
=E{my,s, (21, Xi1)s(Xi1)},
BQ=/mo,ygss(zl,581)!9—051(%1)(1171-
For Bj, we can further decompose it as By, = C 4+ Cy, where

C,= /E{ng(Zg,)Sig(zg) | Sio =1, Zi1 = 21, Xin = T1}p20(21, T1)|9=0l1 (1) dz1,

Coy = /EO{Yi?;(E?,)Si?;(EQ) | Sio =1, Zi1 = 21, Xi1 = @1} |o=0p2(21, 1) 11 (z1)d21 .
For Cy, we have

Cy = /E{Yiz(fs)sis(fz) | Sio =1,Zi1 = 21, Xin = x1}s(Sia = 1| 21, 21)p2(21, 1) 11 (21)day

-s(Sia | Zin, Xin) | Xin =21

_ /E [1{22'1 = 21 }SiE{Yi3(23)Si3(22) | Sio =1, Zi1, Xin =21}
71 (21, Xi1)

xll(azl)dazl
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_E |:1{Zi1 = 21} B{Yi3(23)Si3(22) | Sie =1, Zin, Xin}
(21, Xi1)

where we simplify s(S;o =1 | Zj1 = 21, X1 = @1) as s(Si2 = 1| z1,21). For Cy, we can
decompose Cy = D1 + Do, where

s(Si2 | Zin, Xi1) |,

D, :/ngsg(ZQ,iBz)ize(Zl,w2)|9_0p2(217$1)l1($1)dw2,

Dy Z/me,ygs3(227€52)|9=012(2173_32)192(21,331)11(2131)(1@2.

For D4, we have

D= /ngSS(@,@)S(Xw =xy | Sio =1, 21,21)l2(21, Z2)p2(21, 1)1 (21)d T2,

= /E{ngss(zmthi )8(Xig | Sig =1,21,21) | Sia = 1, 21,21 } p2(21, 1)1 (21)dxy
_ /E [1{Zi1 = 21}Siamy,s, (22,21, Xi2)
71 (21, Xi1)

_E |:1{Zi1 = 21} Siamy, 5, (22, Xi2)
m1(21, Xi1)

For D5y, we have Dy = Eq + E5, where

$(Xio | Sip=1,Zin, 1) | X1 = xl} l1(z1)dzy

-8(Xi2 | Sie = 1721‘17Xz‘1):| ,

E, = /E{Yia(ig) | Sis =1,Z9 = Zo, Xi2 = &2 }P30(Z2, B2)|o—0l2(21, B2)p2 (21, 1) 11 (21)dT2,

By = /Ea{Y%:s(Z:a) | Sis =1, Zip = Za, X i2 = o }|9—0p3(Z2, B2)la (21, T2)p2(21, 1) 11 (@1 )2
For F, we have
Ey = /E{Yi:a(iza) | Sis=1,Zi1 = Z2, Xio = XT2}s(Siz =1 Sio = 1, 22, 2)

xp3(22,%2)l2(21, ®2)p2(21, 1)1 (21)dE2

_E [1{212 = 29 }Si3E{Yi3(23)Si3(22) | Sis =1, Zi2, X2} '

(22, X42)

For Es, we have F» = F} + F5, where we use the double integral to denote multiple integrals,

s(Sis=1]8i2=1,Z;2,X2)| -

Fy —/mY353(Z3,333)539(Z275E3)|9=0p3(z2,wz)lz(zh$2)P2(217331)51(w1)dw3

= /mygsg(izsaff?:%)S(Xi:’, =x3 | Siz =1, Z9, Z2)l3(Z2, T3)p3(Z2, T2)l2(21, Z2)p2 (21, 1)1 (1 )dX3

— s(Xis | Sis=1,Zi2, X42) |,

_E [1{Zz‘2 = Z3}Sizmy, s, (23, Xi3)
(22, Xi2)

F2:/me,yg,sg(z?n$3)!0:0l3(22,$3)p3(z27wz)lz(zl,mz)p2(21,$1)l1(w1)dw3-

For F5, we have
1.y, 5, (23, 23)l9=0 = Ba(Yiz | Sis = 1, Zi3 = 23, X i3 = &3)|p—0

=E{Yis-s(Yis | Sis=1,Zi3 =23, Xi3=T3) | Sis=1,Z;3 = 23, X 43 = T3}.
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Therefore, we obtain
1{Z;3 = z3}S;3Yi3

B=E — 23
m3(23, X43)

s(Yis| Sis=1,Zi3, Xi3) | -

Combining all the results, we obtain
Eo{Vis(23)Si3(22)}Ho—o

=E{h1(Xi1)s(Xi1) } + E{ha(Si2, Zi1, Xi1)s(Si2 | Zi1, Xi1)}
+E{h3(Si2, Zir, Xi2)s(Xiz | Sio =1, Zi1, Xi1)} + E{ha(Si3, Zi2, X i2)s(Siz | Sio =1, Z 2, X i2)}
+E{h5(Siz; Zio, Xi3)s(Xis | Sis =1, Z2, Xi2)} + E{hs(Yi3, Si3, Zi3, Xi3)s(Yiz | Sis=1,Z;3, X43)},
where
hi(Xi1) = my,s, (21, Xi1),
H{Zn = 12E{Yi3(23)Si3(2 i0=1,2;1,X;
hQ(SZQaZihXil): { ! Z1}S2 { 3(Z3)S3(Z2)‘S2 ! 1}5
(21, Xi1)
- 1{Zi1 = 21} Siamy, s, (22, Xi2)
h3(Si2, Zi1, Xi2) = e :
3(5i2, Zia, X o) m1 (21, Xi1)
- = 17,':7 Si3lE{Y;3(Z23)95;3(Z Si:l,ZZ‘,YZ’
ha(Siz, Zi2, Xi2) = {22 = 22} 5B 3(z3_) i(zQ)’ & 2 2},
T2 (22, Xi2)
E— R 1 71 =z S”L zZ 7Yi
hs(Si3, Ziz, Xi3) = {Zin=2) ,3@353(% 3)7
m2(Z2, Xi2)
— 1{Z;3=2z3}S5i3Y;
he(Yiz, Siz, Zig, Xi3) = {Zis = 2} 5is i3
m3(23, Xi3)
Denote
on1(Xi1) = ha(Xin) — E{h1(Xi1)},
dn2(Si2, Zin, Xi1) = ha(Si2, Zin, Xi1) — E{ha(Si2, Zin, Xi1) | Zin, Xir},
N3 (Siay Zin, Xi2) = hs(Si2, Zin, Xiz) — E{h3(Si2, Zi1, Xi2) | Si2 =1,Zi1, X1 },
dN4(Sis, Zin, X i) = ha(Siz, Zio, Xi2) — E{ha(Si3, Zi2, Xi2) | Sio =1, Z 2, X2},
ON5(Sis, Ziz, Xiz) = hs(Sis, Ziz, Xi3) — E{h5(Sis, Zi2, Xi3) | Sis =1, Zi2, X2},
on6(Yis, Sis, Ziz, Xi3) = he(Yis, Sis, Zis, Xi3) — B{he(Yis, Si3, Ziz, Xiz) | Sis =1, Zi3, X3}

We can verify that ¢n1(Xi1) € H, ¢na( 1272117X11)€H2,¢N3( i27ZﬂaX12)EHQ ,

ONa(Siz, Ziz, Xi2) € HY, dn5(Sis, Zin, Xi3) € HX, and ¢ne(Yis, Siz, Ziz, Xiz) € Hy .
Therefore,

Eo{Vis(23)Si3(22) Ho—o = E{on (V;)s(V5)},
where
on(2t)
= on1(Xi1) + On2(Siz, Zir, Xi) + dns(Sio, Zin, Xi2) + dna(Siss Zio Xiz)

+oN5(Sis, Zio, Xis) + dne(Yis, Sizy Ziz, Xiz)
_ 1{Z;3=2z3}Si3 - {Yis — my,s, (23, Xi3)} + {Zis=22}Si3
m3(2Z3, Xi3) (22, Xi2)

7Xi3) -

_ my,s, (22, Xi2)
<< my,s, (23 ——r

p3(22, Xi2)
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+1{7¢2 = 2o }{Sis — Siop3 (22, Xi2)} - My, s, (22, Xi2)
p3(Z2, Xi2)m2(Z2, Xi2)
1{Zi1 = z1}Si2 ngsg(zlyXil)}
71 (21, Xi1) p2(z1, Xi1)
H{Zi1 = 21 }{Si2 — p2(21, Xi1)} - my, s, (21, Xi1)
p2(21, Xi1)m1(Xi1)

 1{Zi3 =23} Sis - {Yis — my, s, (%3, X43) } N 1{Zs = 2z} { Sismy, s, (23, Xi3) — Siamy, s, (Z2, Xi2) }

. {mygsg(zz,Xn) —

+ + my,s, (Zleil) — My,S,

m3(2Z3, Xi3) (22, Xi2)

1{Zi1 = 21} - { Siomy, s, (22, Xi2) — my,s, (21, Xi1) }
_.I_
m1 (21, Xi1)

Similarly, we can show that

Eg{Si3(22) }o=o = E{on(Vi)s(Vi)},

+ my,s, (21, Xi1) — my,s, -

where
_ 1{Z;s = 22}{Si3 — Siams, (22, Xi2)} = 1{Zin =21}Sia { _ = mg, (21, X )}
1) = 221, + A, (22, Xig) — 8B A1)
¢p(Zi-1) 72(Z2, X42) (21, Xi1) 5 (22, Xi2) p2(z1, Xi1)
+1{Zi1 = 21 H{Si2 — p2(z1, Xi1) } - ms, (21, Xi1)
p2(z1, Xi1)m1 (21, Xi1)
_ 1{Zis = 22}{Si3 — Siams, (22, X2)} n 1{Zi1 = 21 }{Siams, (22, Xi2) — ms, (21, Xi1)}

m2(Z2, Xi2) m1 (21, Xi1)

+mg, (21, X51) — ms;.

+mg, (21, X41) —mg,

Therefore, the EIF for 73(22) is

PN (22,1) — Pn(22,0) — 7(22) - dp(22)
Pr{Sit(EQ) = 1}

and the EIF for 0(&) is
T

Z Z O (2e)&(Ze) — 0(8).

t=1 2z

S2.4. Proof of Theorem 3. The estimator ngﬁ ~(Z¢) is consistent for

B |:1{Zit = Z }Si{Yie — My, (iz‘qu‘t)}}

7t (2, Xit)
t JR— _ - _ PR - _ PR
n ZE [1{Zi,t’1 =Zp 1 H{Siwmy,s,(Zv, Xiv) — Siv_1my,s, (Zv—1,Xip—-1)}
Ty —1(Ze—1, Xip—1)

t'=2
(85)

We compute the terms in Equation (S5) separately. For any ¢/, we have

E [1{2”/ = Zv}Siwny,s, (Zv, Xar )

7y (Ze, Xir)



1Z/— /S/ /X/
:/IE {Z Zt}zthtSt()t, zt)‘Xﬂ:wl I (z1)dzy

L Wt'—l(zt'
1 Z ! — U ’ 7 X ’
_ /IE {Zy =2z }Si mY,S,Lt , X )wi(z1,21) | Zn = =2, X 2331} b (1)
I 7y (2o, Xitr)
1 Z r = ’ S ’ z X ’
— /E { it Zt } 1t thSt (Z it )wl(zlaxl) ‘ Si? — 17Z’i1 — Z]_,Xil = ,’L'l:| p2(217w1)l1(ﬂ31)dﬂ§1,
Wt'(zt' th’)

where the first equality follows from the law of total expectation. By applying this calculation
iteratively, we obtain

E [1{Zit' = Zp } Sipmy, s, (Zt/aXit’):|
oy (Ze, Xir)

thS, Zt/ :nt/ 7th Zt/ $t/
ps zs 1,133 1 l zs 1axs dmt’
7Tt/ Zt/ mt/

Similarly, we have

B [1{Zi,t’1 = Zt’1}Si,t’thSt(Zt’aXit’):|
Tp—1(Zy—1, Xip—1)

th& Zyr, $t’)7rt’ 1 Zt' 1737t’ 1
ps zs 17178 1 l Zs 17m8 dmt/
Ty —1 Zt/ 1, &y 1

|:]-{Zzt = zt}Sthzt:|
7 (Ze, Xit)

t
my,s Zt iBt 7Tt Z CUt _ _ _
— 7 7 Hps Zs 1,Ts5_1 Hls(zs—laws)dwt-
e Zt wt 1

For simplicity, we omit the dependency of ps(Zs—1,%s—1), ls(Zs—1,s), and 74 (Z¢, &) on Z
and @ and write them as py, [, and 7, respectively. We can then write Equation (S5) as

/{my,s, Zi, ®t) — My, s, (2, ) m H Hl dz;
e
t—1

t'—1
/m‘/tst Zy, Ty )Ty —1 Hp Hl Ay _/thSt Zy—1,@y—1)Ty—1 H Hl Az 1]
S
1

5y

=2

-1 5=2 s=1

—|—/77~”cytst(2’17581)11d331

:/mY*St; 2L HpsHl dz; — Z/ my,s,(zv, &) (ml 2o 1) HPSHZ dzy.

=1 Ty Ty—1
For the term within the summation in Equatlon (S6), we have

Ty -1
my,s, (2, i) Faa- HPSHZ dzy
% t—1

s=2 s=1

o o T My
= /{mmst(ztwﬂ?t') —my,s,(2v, Ty )} <7Tt’ > HPsHl dzy

Ty —1
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_ _ T4 T4 —
+/thSt(Zt/,:Et/) (Nt —_ t 1) HpSHl dmt’

Ty T —1

~ _ _ _ _ T 7T/
= /{mmst(ztuwt') —my,s, (Zv,Ty)} < - 1) HpsHl dzy

Ty Ty —1
/ t,—l t/—l
Tt —1 _
mY,St Zy, wt' HpsHl dzy — thSt Zy—1,Ty— 1)7r Hps Hlsdwt’—l,
t—1
s=2 s=1

(87
where the last equality follows from the fact that

/mY,,St(zt’amt’)pt/lt’dmt’ =my,s, (Zv—1,Tr—1).

Substituting Equation (S7) into Equation (S6), we can write Equation (S6) as

/mY,St Ztamt Tt HPsHl 4,

<7th Ty 1) Hps Hl 4%y

_Z/{mmst (Zv, @) — my,s,(Zv, &)} =
’ t'—1

t'=1

7T t'—1 t'—1

t'—1

¥ [ [mvs. e Hpsnz dav [ [ myszeror-0 2 [ o ]| o
=1 M1y
Ty Ty—1

= my,s, +Z/{mytst(zt' Zy) —my,s,(Zv, &)} <7th . 1> HpsHl dzy.

t'=1
Therefore, the bias of the estimator is

Tr41 T4 1
Z/{mmt Zy, @y ) — my,s, (2, T ) } <7Tt 7: 1) HPSHZ dzy,
v t—

tr=1
which equals zero when either (my,s,,ms,) = (my,s,,ms,) or T = . O

S2.5. Proof of Theorem 4. Let P, denote the empirical average and P denote the ex-
V)=n""3L, f(V;) and Pf(V) = E{f(V;)}. By the em-

pectation. For example, P, f(
pirical process theory, we have

on —E(pn) = (Pr — P)on + P(dn — o)
= (Pn—P)on +P(dn — dn) + 0p(

where the second equality follows from Condition 2. From the derivation of the bias in the

n—1/2)7

proof of Theorem 3, we have

P(on — én)
= Z/{thSt Zy, Xy ) —My,s, (Ze, @y )}

t'=1

(me' Ty — 1) Hp5 Hl 4%y

Ty Ty—1
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t ~ N t t
N _ _ Tt T —1 _
D R e Y e ) (2
v s=2 s=1

=1 T —1
t t # ; - 9t t
. o o _ t 1 _
< Z /{mytst (Zy,@y) —my,s, (Zv, azt/)}Q Hps H l,dzy / ( — ) Hps H lsdzy
t—1 =2 s=1 e Tr-1/) 5 i
t t t t t
<Cy’ / {v,s, (Ze, B0) — my,s, (2, @)} [ [ ps [ [ Lede / (b —w)* [ [ ps [ [ Lsde
t'=1 s=2 s=1 s=2 s=1
= op(nfl/Q).

where C' is a constant, the second equality follows from Condition 1, the first inequality
follows from the Cauchy-Schwarz inequality, the second inequality follows from Condition
3, and the last equality follows from Condition 4. As a result, ¢ (Z;) is a semiparametrically
efficient for my, g,. Similarly, we can show that ¢ (Z;) is a semiparametrically efficient for
mg,. g
APPENDIX S3: ADDITIONAL RESULTS ON SIMULATION AND EMPIRICAL
RESULTS

S3.1. Details of the inference procedure. We use an influence function-based approach
with sample splitting to estimate standard errors. Let ¢(V,n) denote the influence function
of the target quantity, where V' represents the observed data and 7 represents denotes the
collection of nuisance functions. We randomly split the full sample (V1,V3,...,V,,) into
K disjoint folds using a random variable S independent of the data, where S; € 1,..., K
indicates the fold assignment for unit i. Let #(~*) denote the nuisance functions estimated
using all data excluding fold k.

The estimated variance of the target parameter is then given by

S oV — oV
=1

Confidence intervals are constructed using a normal approximation based on this variance
estimate.

S3.2. Results with time invariant confounders. We maintain the same data generating
mechanism as in the main text with continuous outcomes except that the outcomes are now
generated from logistic models with the same predictors and coefficients.

Figure S1 shows the absolute biases of the estimators with time invariant confounders and
sample size n = 5,000 and Figure S2 presents the corresponding RMSE:s.

S3.3. Results with time-varying confounders. We consider the same data-generating
mechanism as in the main text, except that we fix § = 0.5 to enforce time-varying con-
founding. In this setting, Assumption 2 holds with X;; = X;, X;o = (X, Y;1), and X3 =
(X5,Y51,Yi0)

We first present the results with continuous outcomes. Figure S3 shows the absolute biases
of the estimators with time-varying confounders and sample size n = 5,000 and Figure S4
presents the corresponding RMSEs.

We then present the results with binary outcomes. Figure S5 shows the absolute biases
of the estimators with time invariant confounders and sample size n = 1,000 and Figure S6
presents the corresponding RMSEs.
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FIG S1. Biases of the estimators across 1000 replications with binary outcomes, 6 = 0, and n = 5,000. Each
row presents the results for one target causal quantity. The column labels “CorML,” “CorP” “MisML,” and
“MisP” stand for the nonparametric estimation with correctly specified covariates, parametric estimation with
correctly specified covariates, nonparametric estimation with mis-specified covariates, and parametric estimation
with mis-specified covariates, respectively.

TABLE 3
Coverage rates under a naive analysis that ignores selective eligibility, for § = 0 and 6 = 0.5 with n = 5,000.
The naive analysis treats all cases as independent and applies a standard doubly robust estimator, without
accounting for the longitudinal eligibility structure.

00 01 01—0p

6=0 0.002 0.000  0.000
6=0.5 0.000 0.000 0.000

S3.4. Results on coverage rates of the naive analysis.
S3.5. Results on coverage rates with binary outcomes.

S3.6. Analysis of the PSA experiment using naive estimation. To illustrate the con-
sequences of ignoring selective eligibility, we conduct a naive analysis that treats all cases
as independent observations and does not account for the longitudinal structure of eligibility.
Specifically, we estimate 6, 01, and their difference 6; — 6y for each outcome using a stan-
dard doubly robust estimator, with nuisance functions estimated nonparametrically. Table 5
presents the results. Across all outcomes, the naive estimates differ substantially from those
obtained under our proposed method. These findings reinforce the simulation results in Sec-
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FIG S2. Root mean squared errors for the estimators with binary outcomes, 6 = 0, and n = 5,000. Each sub-
plot presents the results for one target causal quantity. Within each subplot, the x-axis labels ‘CorML,” “CorP,”
“MisML,” and “MisP” stand for the nonparametric estimation with correctly specified covariates, parametric
estimation with correctly specified covariates, nonparametric estimation with mis-specified covariates, and para-
metric estimation with mis-specified covariates, respectively. The heights of the bars represent the root mean
squared errors of the regression (blue), inverse probability weighting (red), and doubly robust estimators (green).

TABLE 4
Coverage rates under different model specifications for § = 0 and § = 0.5 with binary outcomes. "Cor" indicates
correctly specified covariates, and "Mis" indicates misspecified covariates.

J o 1(l) 7(0) 73(1,1) 73(0,1) 73(1,0) 73(0,0) 6o 01

5=0 Cor 0941 0.952 0.957 0.946 0.943 0.948 0.936 0.949 0.939
- Mis 0.941 0944 0.957 0.896 0.902 0.924 0.937 0936 0.938

§=05 Cor 0961 0952 0.949 0.953 0.941 0.955 0.934 0942 0.961
- Mis 0961 0.948 0.940 0.907 0.908 0.922 0.933 0.950 0.933

tion 4 and underscore the importance of explicitly accounting for selective eligibility in the

analyses.
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FIG S3. Absolute bias of each estimator across 1,000 replications with § = 0.5 and n = 5,000. Each plot
presents the results for one target causal quantity. The labels on the horizontal axis — “CorML,” “CorP”
“MisML,” and “MisP” — stand for the nonparametric estimation with correctly specified covariates, parametric
estimation with correctly specified covariates, nonparametric estimation with mis-specified covariates, and para-
metric estimation with mis-specified covariates, respectively. The height of each bar represents the absolute bias
of the regression (blue), IPW (green), or doubly robust estimator (red).

TABLE 5
Naive estimates of 0g, 61, and 01 — 0y with standard errors in parentheses.

Outcome ) 01 01— 6o

FTA 0.221 (0.008) 0.225 (0.008)  0.004 (0.011)
NCA 0.324 (0.009) 0.345(0.009)  0.021(0.012)
NVCA 0.090 (0.005) 0.094 (0.005)  0.004 (0.008)
Agreement 0.668 (0.009) 0.733 (0.008)  0.064 (0.011)
Misclassification (FTA) —0.390 (0.015) —0.385(0.014)  0.004 (0.020)
Misclassification (NCA) —0.234 (0.016) —0.200 (0.015)  0.033 (0.022)
Misclassification (NVCA)  —0.604 (0.011) —0.579(0.011)  0.026 (0.016)
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FIG S4. Root mean squared error (RMSE) of each estimator with 6 = 0.5 and n = 5,000. Each subplot presents
the results for one target causal quantity. Within each subplot, the x-axis labels ‘CorML,” “CorP,” “MisML,” and
“MisP” stand for the nonparametric estimation with correctly specified covariates, parametric estimation with
correctly specified covariates, nonparametric estimation with mis-specified covariates, and parametric estimation
with mis-specified covariates, respectively. The height of each bar represents the RMSE of the regression (blue),
IPW (green), or doubly robust estimator (red).
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FIG S5. Biases of the estimators across 500 replications with binary outcomes, § = 0.5, and n = 5,000. Each
row presents the results for one target causal quantity. The column labels “CorML,” “CorP,” “MisML,” and
“MisP” stand for the nonparametric estimation with correctly specified covariates, parametric estimation with
correctly specified covariates, nonparametric estimation with mis-specified covariates, and parametric estimation
with mis-specified covariates, respectively.
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FIG S6. Root mean squared errors for the estimators with binary outcomes, § = 0.5, and n = 5,000. Each sub-
plot presents the results for one target causal quantity. Within each subplot, the x-axis labels ‘CorML,” “CorP,”
“MisML,” and “MisP” stand for the nonparametric estimation with correctly specified covariates, parametric
estimation with correctly specified covariates, nonparametric estimation with mis-specified covariates, and para-
metric estimation with mis-specified covariates, respectively. The heights of the bars represent the root mean
squared errors of the regression (blue), inverse probability weighting (red), and doubly robust estimators (green).



