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Dropout presents a major challenge for causal inference in longitudinal
studies with time-varying treatments. We focus on selective eligibility—an
important but overlooked source of nonignorable dropout that occurs when a
unit’s prior treatment history affects its eligibility for future treatments. Our
motivating application evaluates a pretrial risk assessment instrument in the
criminal justice system, where cases were randomly assigned to receive a risk
assessment report. Selective eligibility arises because individuals can be re-
arrested over time, and rearrest depends on prior judicial decisions, which
may be influenced by earlier treatment assignments. We develop a general
methodological framework for longitudinal causal inference under selective
eligibility. By conditioning on subgroups of units who would remain eligible
for treatment under a given treatment history, we define time-specific eligi-
ble treatment effects and the expected total outcome under a given treatment
sequence. Assuming a generalized form of sequential ignorability, we derive
nonparametric identification formulas and the efficient influence functions for
both estimands, yielding doubly robust estimators. Applying this methodol-
ogy, we find that risk assessment reports increase alignment between judicial
decisions and algorithmic recommendations, particularly when reports are
provided repeatedly. However, the reports have a limited impact on down-
stream criminal justice outcomes.

1. Introduction. Dropout presents a major challenge for longitudinal causal inference
with time-varying treatments. In many applications, dropout prevents the definition of sub-
sequent treatment and outcome variables, effectively truncating the observed data. This con-
trasts with conventional censoring in survival analysis, where outcomes are assumed to ex-
ist but may be unobserved. While existing methods separately address time-varying treat-
ments and dropout, they typically cannot handle both issues simultaneously. For example,
the causal inference literature has established identification formulas and estimation strate-
gies for time-varying treatment effects but without dropout (e.g., Robins (1986), Robins and
Hernán (2009), Richardson and Robins (2013), Hernán and Robins (2020)). In addition, the
survival analysis literature offers various model-based methods to account for dropout, often
referred to as semicompeting events. However, the treatment is assumed to be time-invariant
(e.g., Xu et al. (2022), Baer, Strawderman and Ertefaie (2023), Janvin et al. (2024), Rytgaard
and van der Laan (2024), Comment et al. (2025)).

When treatments are time-varying and dropout is present, existing methods are not di-
rectly applicable because standard causal estimands are not well defined for those who have
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dropped out and are no longer eligible for subsequent treatments. In this paper we examine
selective eligibility, an important yet overlooked source of nonignorable dropout in a discrete
time longitudinal setting. Specifically, we empirically evaluate the impact of a pretrial risk
assessment instrument, called the Public Safety Assessment (PSA), in the criminal justice
system. We analyze the data from our own randomized controlled trial (RCT) in which the
provision of the PSA is randomized across cases (Greiner et al. (2020), Imai et al. (2023)). A
primary goal of the PSA is to help judges make release decisions that address concerns about
public safety while avoiding unnecessary incarceration during the pretrial period. We inves-
tigate how the use of this PSA affects both judicial decision-making and subsequent pretrial
outcomes.

The problem of selective eligibility arises in this context because an arrestee would become
eligible for the subsequent randomized PSA provision only if they are rearrested. Moreover,
rearrest can depend on the judge’s previous decision, which in turn may be influenced by the
provision of the PSA. Previous analyses of this RCT focused upon first arrest cases to avoid
selective eligibility (Imai et al. (2023), Ben-Michael et al. (2025a,b)). We tackle this challenge
by developing a general methodological framework for longitudinal causal inference with
selective eligibility.

A key feature of selective eligibility is that it causes dropout before the administration of
treatment. It implies that both treatment and outcome are defined only for treatment-eligible
units.1 Such selective eligibility arises in a range of real-world settings beyond the PSA trial.
For instance, in multidose vaccine trials, participants must remain uninfected and medically
eligible after receiving an earlier dose to obtain subsequent doses (e.g., Baden et al. (2021)).
In a job training program with multiple interventions over time, participants must remain
actively engaged in the program to become eligible for later stages (e.g., Andersson et al.
(2024)). In school-based behavioral interventions, eligibility for follow-up sessions may de-
pend on continued enrollment or behavioral assessments (e.g., Lochman and Wells (2004)).
In all of these examples, one’s eligibility status is updated over time, based on prior treat-
ment and outcomes, creating a longitudinal structure in which both treatment assignment and
outcome measurement are selectively undefined for ineligible units.

Existing literature primarily addresses a different type of nonignorable treatment-induced
dropout, where dropout occurs between treatment administration and outcome measurement.
In this case the outcome is observed only for a subset of units that received treatment. This
type of dropout is commonly handled using the principal stratification framework (e.g., Kur-
land et al. (2009), Lee, Daniels and Sargent (2010), Lee and Daniels (2013), Shardell, Hicks
and Ferrucci (2015), Shardell and Ferrucci (2018), Josefsson et al. (2016), Josefsson and
Daniels (2021), Comment et al. (2025), Grossi et al. (in press)), which extends the classic
method for truncation by death problems (e.g., Zhang and Rubin (2003), Rubin (2006), Imai
(2008), Ding et al. (2011), Wang, Richardson and Zhou (2017), Yang and Ding (2018)). In
addition, we emphasize that among these works, only Josefsson and Daniels (2021) consider
time-varying treatments while the others focus on time-invariant treatments.

We develop a general methodological framework for selective eligibility (Section 3). We
define the average treatment effect at each time period by focusing on a group of units who
become eligible for treatment given a specific treatment history. This causal estimand, which
we call the average eligible treatment effect (ETE), characterizes treatment effect hetero-
geneity across time periods and treatment histories. We also introduce the expected total

1Boruvka et al. (2018) address the related issue of treatment availability in the context of mobile health applica-
tions. They consider the setting where some units may not be able to receive the treatment, even when assigned to
the treatment condition. Since these units remain in the study and take up the control condition, this is a problem
of noncompliance rather than that of dropout.
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outcomes (ETO) under a given treatment history. We consider stochastic interventions for
which deterministic interventions are a special case. Stochastic interventions can deal with a
relatively large number of time periods because they enable us to specify high-dimensional
treatment strategies with low-dimensional parameters (e.g., Kennedy (2019), Papadogeorgou
et al. (2022), Schindl, Shen and Kennedy (2024), Wu et al. (2024)).

We develop a statistical methodology for estimating the ETE and ETO by extending the se-
quential ignorability assumption (see Hernán and Robins (2020), for a review) to longitudinal
studies with selective eligibility. Importantly, this assumption does not require the standard
overlap condition for the eligibility indicator. Moreover, the ignorability assumption applies
to treatment assignment among eligible units and does not extend to the eligibility indica-
tor itself, thereby allowing eligibility status to depend on unobserved variables. Under this
assumption we first derive two identification formulae based on the outcome regression and
inverse probability weighting. The former leads to an estimator that requires the correct spec-
ification of the outcome regression and treatment eligibility models, while the latter implies
an estimator based on the correctly specified model for the propensity score. The existence
of multiple estimators leads to the question of how to derive a more efficient estimator by
combining them.

We address this question by deriving the efficient influence function (EIF; Bickel et al.
(1993)) for each causal estimand. The EIFs motivate new estimators that combine nonpara-
metric models of outcome regression, eligibility probability, and propensity score. The pro-
posed estimators are doubly robust; they are consistent so long as either the propensity score
model or the outcome regression and eligibility models are correctly specified. This result
extends the classic doubly robust estimator (Bang and Robins (2005), Hernán and Robins
(2020)) to longitudinal studies with selective eligibility. Section 4 presents simulation studies
to evaluate the finite sample performance of the proposed estimators.

Using data from our RCT, we apply the proposed methodology to estimate the effect of
PSA provision on: (i) whether the judge’s decision agrees with the algorithm’s recommen-
dation, (ii) the subsequent negative outcomes, and (iii) the quality of the judge’s decision
(Section 5). We consider estimating ETEs as well as ETOs under two strategies: one that
always provides the PSA and one that never does. Our findings indicate that, first, providing
the PSA causes the judge to agree with the algorithmic recommendation more often. Our
analysis also yields suggestive evidence that the rate of agreement further increases when
the PSA is provided for multiple rearrest incidents for the same arrestee. Second, we find
minimal impact on all subsequent negative outcomes. This holds for ETEs across most time
periods and treatment histories. Indeed, we find only a small difference in the ETO between
the two strategies, further corroborating the null effect of PSA provision. Third, we find lit-
tle evidence that PSA provision improves the judge’s classification ability, as measured by
misclassification rates based on the arrestee’s underlying risk.

2. Pretrial risk assessment experiment. In this section we describe an RCT of a par-
ticular pretrial risk assessment instrument used in the U.S. criminal justice system called the
Public Safety Assessment (PSA). We briefly describe the background of this original RCT
and discuss methodological challenges that motivate the proposed methodology. Greiner et
al. (2020) and Imai et al. (2023) provide additional details of this study.

2.1. Background. In many U.S. jurisdictions, individuals who have been arrested attend
first appearance hearings. During this hearing a judge decides whether to release an arrestee,
pending the disposition of any criminal charges, and the conditions to impose for their release
(e.g., cash bail and supervision). Depending on the jurisdiction, a deciding judge balances a
variety of factors, but always at least weighs the costs of incarceration against the risk of
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the following negative outcomes if the arrestee is released: (1) failing to appear (FTA) at
subsequent court hearings, (2) engaging in a new criminal activity (NCA), and (3) engaging
in a new violent criminal activity (NVCA).

The PSA is an algorithmic recommendation system designed to help judges make these
pretrial release decisions. It uses nine factors, including an arrestee’s age and criminal history,
while excluding other demographic factors such as race and gender. The PSA consists of
three separate risk scores for FTA, NCA, and NVCA. The information about the formulae
used to calculate these scores is publicly available (https://perma.cc/RE5D-QJZN). Finally, a
decision making framework, which varies from jurisdiction to jurisdiction, combines the risk
scores and other factors to produce overall release and monitoring recommendations for the
judge.

2.2. The experiment. We conducted a randomized experiment in Dane County, Wiscon-
sin, in which a single judge adjudicated over 80% of hearings, to examine how the PSA
affects the judge’s pretrial release decisions. We randomized the provision of the PSA across
cases, observed the judge’s decisions, and collected the outcome variables, that is, the occur-
rence of an FTA, NCA, or NVCA. Each arrest case entering the system was assigned a unique
case number by a court employee. Multiple cases involving the same individual were treated
as distinct. Treatment assignment was based on the last digit of the case number: if the digit
was even, the case was assigned to the treatment group; otherwise, it was assigned to the con-
trol group. For each case assigned to the treatment condition, the judge received a PSA report
that contained the three risk scores, the values of the nine factors supporting those scores, and
the recommendation generated by the Dane County decision-making framework. For cases
randomized to the control condition, the judge received no such report. The occurrence of an
FTA, NCA, or NVCA was measured during the pretrial period, defined as the time between
the judge’s initial release decision and the disposition of the case in the trial court.

An important complication in this analysis is the issue of recidivism. Because treatment
was assigned only to arrestees when they attended their first appearance hearing, arrestees
who recidivated received the treatment assignment multiple times while nonrecidivating ar-
restees received it only once. Moreover, the treatment status of a previous case could affect
whether an individual recidivated, and so the initial and subsequent treatment assignments
could affect how frequently arrestees reappeared in the data. Therefore, assessing the crimi-
nal justice impacts of providing the PSA required accounting for selective eligibility.

Previous analyses have avoided this issue by focusing on only each individual’s first case,
limiting their scope to first-time arrests (Imai et al. (2023), Ben-Michael et al. (2025a,b)).
However, in our extended dataset of 4,445 arrestees from Dane County, 968 had at least
two cases and 315 had at least three cases. Note that individuals could be arrested multiple
times for different reasons, each varying in how they related to our three main outcomes
of interest. For example, an arrestee who FTA’d could be rearrested for committing a new
crime.

Table 1 shows the distribution of the three outcomes for the first, second, and third arrests,
where the corresponding percentage is in parentheses. The observed heterogeneity in the
outcome distribution across subgroups highlights the diversity across arrestees with different
cases. Therefore, restricting the analysis to only first cases jeopardizes the external validity
of the experimental results to the overall population and overlooks the heterogeneity across
different cases of the arrestees. This heterogeneity is crucial for evaluating the effects of
PSA provision and judges’ decisions, because arrestees with different numbers of cases may
exhibit different behaviors. The issue of recidivism also motivates an exploration of arrestees’
behavior over time under specific PSA provision or bail decision strategies. For instance, one
might be interested in the total number of crimes an arrestee would commit if a PSA report

https://perma.cc/RE5D-QJZN
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TABLE 1
The distribution of negative outcomes for the first, second, and third cases in the treatment and control groups:

failure to appear (FTA), new criminal activity (NCA), and new violent criminal activity (NVCA). The table shows
the number of cases in each category with the corresponding percentage in parentheses. The percentages are

computed with respect to the total number of cases for each arrest under each treatment condition

PSA (Treatment) No PSA (Control)

FTA NCA NVCA Group total FTA NCA NVCA Group total

First arrest 462 700 188 2,210 471 653 184 2,235
(20.1) (31.7) (8.5) (100) (21.1) (29.2) (8.2) (100)

Second arrest 143 210 63 488 124 205 57 480
(29.3) (43.0) (12.9) (100) (25.8) (42.7) (11.9) (100)

Third arrest 39 87 23 164 43 68 20 151
(23.8) (53.0) (14.0) (100) (28.5) (45.0) (13.2) (100)

were provided to the judge for each of their cases, relative to the number of crimes if a PSA
report were never provided. In the remainder of this paper, we develop a methodological
framework to define and estimate causal quantities with selective eligibility.

3. Causal framework under selective eligibility. We now present the proposed
methodology for longitudinal causal inference with selective eligibility. We first present as-
sumptions and introduce causal estimands under this setting. We then derive identification
formulae and develop efficient estimators.

3.1. Notation and assumptions. We consider a simple random sample of n units from
a target population. Suppose that each unit can become eligible for the treatment up to a
total of T times. We use Sit to indicate whether unit i is eligible for the t th treatment where
i = 1,2, . . . , n and t = 1,2, . . . , T . We assume that all units are eligible for the first-period
treatment, that is, Si1 = 1 for all i. Furthermore, a unit can only become eligible for the
(t + 1)th treatment if it was previously eligible for the t th treatment, that is, Sit ≥ Si,t+1 for
all i = 1,2, . . . , n and t = 1,2, . . . , T − 1.

We use Zit to represent the indicator variable for the t th treatment assignment for unit i.
This variable is defined only when the unit becomes eligible for the t th treatment, that is,
Sit = 1. We use 𝒁it = (Zi1, . . . ,Zit ) to denote the treatment history up to the t th treatment
for unit i, and 𝒛̄t = (z1, . . . , zt ) to denote a treatment sequence from time 1 to time t . The
outcome is measured after each treatment. We let Yit denote the outcome for unit i observed
after the t th treatment. Similar to the treatment, the outcome Yit is not well defined for units
who do not become eligible for the t th treatment, that is, Sit = 0.

We adopt the potential outcomes framework under the stable unit treatment value assump-
tion (SUTVA; Rubin (1980)). This implies that the treatment status of one unit does not affect
the eligibility and outcome of another unit. However, we allow for within-unit carryover ef-
fects. That is, for a given unit, the treatment status at any time period may affect its own
future eligibility and outcome. Let Sit (𝒛̄T ) and Yit (𝒛̄T ) be the potential values of eligibility
and outcome, given a treatment sequence 𝒛̄T = (z1, . . . , zT ), respectively. Then the observed
eligibility and outcome are given by Sit = Sit (𝒁iT ) and Yit = Yit (𝒁iT ).

We assume that future treatment does not affect current eligibility and current outcome.

ASSUMPTION 1 (No Anticipation). For any i = 1,2, . . . , n and t = 1,2, . . . , T ,
Yit (𝒛̄T ) = Yit (𝒛̄

′
T ) if 𝒛̄t = 𝒛̄′

t , and Sit (𝒛̄T ) = Sit (𝒛̄
′
T ) if 𝒛̄t−1 = 𝒛̄′

t−1.
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FIG. 1. The temporal ordering of the eligibility indicator Sit , treatment assignment Zit , and potential outcome
Yit (𝒛̄t ) in an example with two time periods. At each time point, eligibility is measured first. Treatment and
outcome variables are only defined when a unit becomes eligible.

Assumption 1 is common in causal inference with time series and panel data (e.g., Boji-
nov and Shephard (2019), Ben-Michael, Feller and Rothstein (2022), Papadogeorgou et al.
(2022), Jiang, Chen and Ding (2023)). The assumption is plausible as long as the units are
not aware of their future treatment. Under Assumption 1 we can simplify Yit (𝒛̄T ) as Yit (𝒛̄t )

and Sit (𝒛̄T ) as Sit (𝒛̄t−1).
Figure 1 illustrates the temporal ordering of the eligibility, treatment, and outcome vari-

ables with an example of two time periods. In addition, we observe a set of covariates 𝑿it for
unit i at time t . These covariates may include both time-invariant and time-varying covari-
ates, including past outcomes. We use 𝑿it = {𝑿1t , . . . ,𝑿it } to denote the covariate history
up to the t th treatment. Similar to the treatment, the covariate history 𝑿it is defined only for
units eligible at time t .

The proposed methodology is applicable to both RCTs and observational studies. We gen-
eralize the sequential ignorability assumption to the settings with selective eligibility.

ASSUMPTION 2 (Sequential ignorability with selective eligibility). For any i = 1,2, . . . ,

n and t = 1,2, . . . , T ,

Zit ⊥⊥ {︁
Yit (𝒛̄t ), Si,t+1(𝒛̄t ), . . . , SiT (𝒛̄T −1)

}︁|𝒁i,t−1 = 𝒛̄t−1, Sit = 1,𝑿it = 𝒙̄t ,

for all 𝒛̄t−1, 𝒛̄t , 𝒛̄t+1, . . . , 𝒛̄T −1, and 𝒙̄t .

The assumption implies that, for eligible units, the treatment assignment is conditionally
independent of the current potential outcome and the potential values of all future eligibility
indicator variables, given the treatment and covariate histories. In addition, we generalize the
standard overlap condition to the current setting.

ASSUMPTION 3 (Overlap condition with selective eligibility). For any 𝒛̄t−1 and 𝒙̄t , 0 <

Pr(Zit = 1|Sit = 1,𝒁i,t−1 = 𝒛̄t−1,𝑿it = 𝒙̄t ) < 1.

Assumption 3 requires that eligible units at each time t have a nonzero probability of being
assigned to both treatment and control.

We do not impose sequential ignorability or an overlap condition on the eligibility indi-
cator Sit . Thus, selective eligibility can either be affected by unobserved variables or be a
deterministic function of past covariates, treatments, and outcomes—a scenario commonly
encountered in clinical studies. In general, observational studies face additional difficulties in
satisfying Assumption 3, particularly when the covariate is high dimensional (e.g., D’Amour
et al. (2021)). Longitudinal causal inference with selective eligibility also leads to challenges
in meeting this assumption, as the dimension of the treatment history grows with time and
the number of eligible units may become small for certain treatment histories.
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3.2. Causal estimands. We first consider a causal effect of the treatment at each time t

given a treatment history 𝒛̄t−1. Recall that the outcome Yit (𝒛̄t−1, z) is defined only for eligible
units at time t . Therefore, we introduce the following average eligible treatment effect (ETE):

(1) τt (𝒛̄t−1) = 𝔼
{︁
Yit (𝒛̄t−1,1) − Yit (𝒛̄t−1,0)|Sit (𝒛̄t−1) = 1

}︁
.

The ETE represents the average effect of the t th treatment among units who are eligible at
time t when the treatment history is fixed at 𝒁i,t−1 = 𝒛̄t−1. Due to the potential carryover
effects resulting from past treatments, the ETE depends on the entire vector of previous treat-
ments 𝒛̄t−1, yielding a separate causal quantity for each of 2t−1 different values of 𝒛̄t−1.

We also consider the expected total outcome (ETO) across time periods,

θ(𝒛̄T ) =
T∑︂

t=1

𝔼
{︁
Yit (𝒛̄t )Sit (𝒛̄t−1)

}︁
,

which represents the sum of potential outcomes among eligible units averaged across units
under a treatment sequence 𝒁T = 𝒛̄T . This estimand captures the total amount of outcomes
when a unit is eligible. For binary or count outcomes, it corresponds to the expected number
of events accumulated over eligible time points. For continuous outcomes, such as monetary
loss or duration of detention, it represents the expected total cost incurred while the unit re-
mains eligible. The magnitude of this estimand depends on both the frequency of the outcome
and the duration of eligibility. As such, it may be small if ineligibility tends to occur early or
if the outcome is rare or infrequent.

We can generalize the ETO for various treatment strategies. Let ξ denote a treatment strat-
egy, which is defined as a probability distribution over the sequence of treatments. Thus, ξ

may represent either a deterministic or stochastic intervention. We use 𝒁
ξ

iT = (Z
ξ
i1, . . . ,Z

ξ
iT )

to denote a sequence of interventions on unit i that is generated according to the treatment
strategy ξ for the duration of T time periods. At each time period t , the treatment strategy
sequentially generates Z

ξ
it from a Bernoulli distribution conditional on the treatment history

𝒁
ξ

i,t−1 = (Z
ξ
i1, . . . ,Z

ξ
i,t−1) for t = 2, . . . , T . Therefore, the treatment strategy can be char-

acterized by the parameters of these Bernoulli distributions, denoted by a vector of proba-
bilities (ξ1(z1), ξ2(𝒛̄2), . . . , ξT (𝒛̄T )), where ξt (𝒛̄t ) denotes the probability that the stochastic
intervention assigns Z

ξ
t = zt conditional on 𝒁

ξ

t−1 = 𝒛̄t−1.
Due to selective eligibility, the stochastic intervention is administered only for treatment-

eligible units; that is, the intervention Z
ξ
it is generated for unit i only if Sit (𝒁

ξ

i,t−1) = 1. This
implies that we can characterize a treatment strategy as the following factorized probability:

ξt (𝒛̄t ) = Pr
(︁
Z

ξ
i1 = z1

)︁ t∏︂
t ′=1

Pr
(︁
Z

ξ

t ′ = zt ′ |𝒁ξ

i,t ′−1 = 𝒛̄t ′−1, Sit ′ = 1
)︁
.

Note that a deterministic treatment strategy is a special case of this stochastic intervention
where the probability is one for a specific sequence 𝒛̄t and is zero otherwise. Given the above
definition, we can define the ETO under a treatment strategy ξ ,

θ(ξ) =
T∑︂

t=1

𝔼
{︁
Yit

(︁
𝒁

ξ

it

)︁
Sit

(︁
𝒁

ξ

i,t−1
)︁}︁

=
T∑︂

t=1

∑︂
𝒛̄t

𝔼
{︁
Yit (𝒛̄t )|Sit (𝒛̄t−1) = 1

}︁
Pr

{︁
Sit (𝒛̄t−1) = 1

}︁
ξt (𝒛̄t ).

(2)

The ETE and ETO are related to the treatment effects defined by Young et al. (2020), Ryt-
gaard, Gerds and van der Laan (2022), and Díaz, Hoffman and Hejazi (2024). These studies
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focus on longitudinal settings in which censoring or truncation events render subsequent out-
comes undefined. However, there are two key differences. First, in these studies the censoring
or truncation process occurs after treatment and hence may be affected by it. In contrast, in
our context the eligibility indicator is determined prior to treatment assignment at each time
point and is, therefore, not influenced by the treatment. Second, the ETE and ETO are de-
fined explicitly among the eligible units at each time—that is, those for whom both treatment
and outcome are well defined. In contrast, the aforementioned studies define and identify
causal effects for the entire population under counterfactual scenarios in which the censoring
or truncation process follows a different intervention regime. As a result, their identification
strategies rely on sequential ignorability assumptions for the censoring or truncation process,
which are not required in our approach.

3.3. Nonparametric identification. We now turn to the nonparametric identification of
the causal estimands defined above. We focus on the identification of 𝔼{Yit (𝒛̄t )|Sit (𝒛̄t−1) =
1} and Pr{Sit (𝒛̄t−1) = 1}, which in turn implies the identification of τt (𝒛̄t−1) and θ(ξ) via
equations (1) and (2).

We begin by introducing the following quantities to simplify the presentation:

μt(𝒛̄t , 𝒙̄t ) := 𝔼(Yit |Sit = 1,𝒁it = 𝒛̄t ,𝑿it = 𝒙̄t ),

pt (𝒛̄t−1, 𝒙̄t−1) := Pr(Sit = 1|Si,t−1 = 1,𝒁i,t−1 = 𝒛̄t−1,𝑿i,t−1 = 𝒙̄t−1),

wt (𝒛̄t , 𝒙̄t ) := Pr(Zit = zt |Sit = 1,𝒁i,t−1 = 𝒛̄t−1,𝑿it = 𝒙̄t ),

lt (𝒛̄t−1, 𝒙̄t ) := Pr(𝑿it = 𝒙t |Sit = 1,𝒁i,t−1 = 𝒛̄t−1,𝑿i,t−1 = 𝒙̄t−1),

which represent the conditional mean outcome, eligibility probability, propensity score, and
covariate distribution, respectively, for eligible units at each time t , given the treatment and
covariate histories up to time t − 1. When t = 1, we have pt(𝒛̄t−1, 𝒙̄t−1) = Pr(Si1 = 1) = 1,
l(𝒛̄t−1, 𝒙̄t ) = Pr(𝑿i1 = 𝒙1), and wt(𝒛̄t , 𝒙̄t ) = Pr(Zi1 = z1|𝑿i1 = 𝒙1).

The following theorem provides two different identification formulae, based on differ-
ent components of the observed data distribution, for 𝔼{Yit (𝒛̄t−1, zt )|Sit (𝒛̄t−1) = 1} and
Pr{Sit (𝒛̄t−1) = 1}.

THEOREM 1 (Nonparametric Identification). Under Assumptions 1–3, the following
identification formulae hold for 𝔼{Yit (𝒛̄t−1, zt )|Sit (𝒛̄t=1) = 1} and Pr{Sit (𝒛̄t−1) = 1}:

(a) Formula based on the conditional mean outcome and eligibility probability:

𝔼
{︁
Yit (𝒛̄t )|Sit (𝒛̄t−1) = 1

}︁ =
∫︁

μt(𝒛̄t , 𝒙̄t )
∏︁t

t ′=2 pt ′(𝒛̄t ′−1, 𝒙̄t ′−1)
∏︁t

t ′=1 lt ′(𝒛̄t ′−1, 𝒙̄t ′)d𝒙̄t∫︁ ∏︁t
t ′=2 pt ′(𝒛̄t ′−1, 𝒙̄t ′−1)

∏︁t−1
t ′=1 lt ′(𝒛̄t ′−1, 𝒙̄t ′)d𝒙̄t−1

,

Pr
{︁
Sit (𝒛̄t−1) = 1

}︁ =
∫︂ t∏︂

t ′=2

pt ′(𝒛̄t ′−1, 𝒙̄t ′−1)

t−1∏︂
t ′=1

lt ′(𝒛̄t ′−1, 𝒙̄t ′)d𝒙̄t−1,

where integrals are replaced by summation for discrete covariates.
(b) Formula based on the propensity score:

𝔼
{︁
Yit (𝒛̄t−1, zt )|Sit (𝒛̄t−1) = 1

}︁ = 𝔼[Yit1{𝒁it = 𝒛̄t , Sit = 1}/πt (𝒛̄t ,𝑿it )]
𝔼[1{𝒁i,t−1 = 𝒛̄t−1, Sit = 1}/πt−1(𝒛̄t−1,𝑿i,t−1)] ,

Pr
{︁
Sit (𝒛̄t−1) = 1

}︁ = 𝔼

[︃
1{𝒁i,t−1 = 𝒛̄t−1, Sit = 1}

πt−1(𝒛̄t−1,𝑿i,t−1)

]︃
,

where πt(𝒛̄t ,𝑿it ) = ∏︁t
t ′=1 wt ′(𝒛̄t ′,𝑿it ′).
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Theorem 1 does not require the sequential ignorability assumption for Sit . As a result, the
identification formulas remain valid, even when the eligibility status of each unit depends on
past outcomes or unobserved variables. This is because the estimands are defined specifically
for the eligible subpopulation and do not involve extrapolation to ineligible units.

We provide some intuition for the results of Theorem 1 by focusing on 𝔼{Yit (𝒛̄t−1, zt )|
Sit (𝒛̄t−1) = 1}. The first identification formula, given in Theorem 1(a), is based on the models
for the conditional mean outcome and eligibility probability. For example, when t = 2, this
formula can be simplified as

𝔼
{︁
Yi2(𝒛̄2)|Si2(z1) = 1

}︁ = 𝔼[𝔼{μ2(𝒛̄2,𝑿i2)|z1,𝑿i1}p2(z1,𝑿i1)]
𝔼{p2(z1,𝑿i1)} ,

where the covariates are integrated out. Therefore, we can view this formula as a g-formula
for longitudinal causal inference with selective eligibility. In contrast, the first equation given
in Theorem 1(b) presents the IPW formula, relying only on the propensity score at each time,
given the treatment and covariate histories wt(𝒛̄t , 𝒙̄t ). In both formulae the numerator equals
𝔼{Yit (𝒛̄t−1, zt )Sit (𝒛̄t−1)}, and the denominator equals Pr{Sit (𝒛̄t−1) = 1}.

As noted earlier, Theorem 1 directly implies the identification of τt (𝒛̄t−1) and θ(ξ). The
identification of τt (𝒛̄t−1) requires the overlap condition (Assumption 3) to hold only for the
corresponding treatment history 𝒁i,t−1 = 𝒛̄t−1. Similarly, the identification of θ(ξ) only re-
quires the overlap condition to hold for all 𝒛̄t with ξ(𝒛̄t ) ≠ 0.

The identification formulae in Theorem 1 have simpler forms when all the covariates are
time invariant. We present this special case as a corollary.

COROLLARY 1 (Identification Formulae without Time-varying Covariates). Under As-
sumptions 1—3 with 𝑿it = 𝑿i for all i and t , the identification formulae in Theorem 1(a)
simplify as

𝔼
{︁
Yit (𝒛̄t )|Sit (𝒛̄t−1) = 1

}︁ = 𝔼{μt(𝒛̄t ,𝑿i )
∏︁t

t ′=2 pt ′(𝒛̄t ′−1,𝑿i )}
𝔼{∏︁t

t ′=2 pt ′(𝒛̄t ′−1,𝑿i )} ,

Pr
{︁
Sit (𝒛̄t−1) = 1

}︁ = 𝔼

{︄
t∏︂

t ′=2

pt ′(𝒛̄t ′−1,𝑿i )

}︄
.

Unlike the formulae in Theorem 1(a), without time-varying covariates, the formulae in
Corollary 1 no longer include the covariate distribution terms lt (𝒛̄t−1, 𝒙̄t ). In addition, the
formulae in Theorem 1(b) do not change, except that 𝑿it is replaced with 𝑿i .

3.4. Efficient influence functions. The identification formulae in Theorem 1 imply the
existence of multiple estimators for the causal estimands. To combine them in a principled
way, we derive the efficient influence functions (EIFs) of the estimands, which in turn yield
estimators with certain robustness and optimality properties. These estimators can achieve
parametric convergence rates even when nuisance functions are estimated at slower rates
through nonparametric estimation methods (see, e.g., Bickel et al. (1993), Tsiatis (2006),
Kennedy (2016)).

We begin by introducing the following two regression functions that are building blocks
of the EIFs and deriving their identification formulae:

mYtSt (𝒛̄t ′,𝑿it ′) := 𝔼
{︁
Yit (𝒛̄t )Sit (𝒛̄t−1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′

}︁
, t ′ ≤ t,

mSt (𝒛̄t ′,𝑿it ′) := 𝔼
{︁
Sit (𝒛̄t−1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′

}︁
, t ′ ≤ t − 1.

When t ′ = 0, we have mYtSt = 𝔼{Yit (𝒛̄t )Sit (𝒛̄t−1)} and mSt = 𝔼{Sit (𝒛̄t−1)}.
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PROPOSITION 1 (Identification of Regression Functions). Under Assumptions 1–3, we
have the following identification formulae:

mYtSt (𝒛̄t ′,𝑿it ′) =
{︄
𝔼(Yit |Sit = 1,𝒁it = 𝒛̄t ,𝑿it ) t ′ = t,

𝔼
{︁
Si,t ′+1mYtSt (𝒛̄t ′+1,𝑿i,t ′+1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′

}︁
t ′ < t.

mSt (𝒛̄t ′,𝑿it ′) =
{︄
𝔼(Sit |Si,t−1 = 1,𝒁i,t−1 = 𝒛̄t−1,𝑿i,t−1) t ′ = t − 1,

𝔼
{︁
Si,t ′+1mSt (𝒛̄t ′,𝑿i,t ′+1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′

}︁
t ′ < t − 1.

Proposition 1 shows how to obtain the identification formula for mYtSt (𝒛̄t ′,𝑿it ′) for any
t ′ ≤ t . Specifically, we first obtain the formula for mYtSt (𝒛̄t ,𝑿it ) (i.e., t ′ = t) and then se-
quentially derive the formula for mYtSt (𝒛̄t ′,𝑿it ′) for t ′ = t − 1, t − 2, . . . ,1,0. Similarly, we
can obtain the identification formulae for mSt (𝒛̄t ′,𝑿it ′) for all t ′ ≤ t − 1. When t ′ = 0, the
identification formula for mSt coincides with that of Pr{Sit (𝒛̄t−1) = 1}, while the identifica-
tion formula for the ratio of mYtSt and mSt equals the formula for 𝔼{Yit (𝒛̄t )|Sit (𝒛̄t−1) = 1}.
Both formulae are given in Theorem 1(a).

Given Proposition 1, the following theorem presents the EIFs of τt (𝒛̄t−1) and θ(ξ).

THEOREM 2 (Efficient Influence Functions). Under Assumptions 1–3, the EIFs of
τt (𝒛̄t−1) and θ(ξ) are given by

ϕτ = ϕN(𝒛̄t−1,1) − ϕN(𝒛̄t−1,0) − τt (𝒛̄t−1) · ϕD(𝒛̄t−1)

Pr{Sit (𝒛̄t−1) = 1} ,(3)

ϕθ =
T∑︂

t=1

∑︂
𝒛̄t

ϕN(𝒛̄t )ξt (𝒛̄t ) − θ(ξ),(4)

respectively, where

ϕN(𝒛t ) = mYtSt (z1,𝑿i1) + 1{𝒁it = 𝒛̄t }Sit {Yit − mYtSt (𝒛̄it ,𝑿it )}
πt(𝒛̄t ,𝑿it )

+
t∑︂

t ′=2

1{𝒁i,t ′−1 = 𝒛̄t ′−1}{Sit ′mYtSt (𝒛̄t ′,𝑿it ′) − Si,t ′−1mYtSt (𝒛̄t ′−1,𝑿i,t ′−1)}
πt ′−1(𝒛̄t ′−1,𝑿i,t ′−1)

,

ϕD(𝒛t−1) = mSt (z1,𝑿i1) + 1{𝒁i,t−1 = 𝒛̄t−1}{Sit − Si,t−1mSt (𝒛̄t−1,𝑿i,t−1)}
πt−1(𝒛̄t−1,𝑿i,t−1)

+
t−1∑︂
t ′=2

1{𝒁i,t ′−1 = 𝒛̄t ′−1}{Sit ′mSt (𝒛̄t ′,𝑿it ′) − Si,t ′−1mSt (𝒛̄t ′−1,𝑿i,t ′−1)}
πt ′−1(𝒛̄t ′−1,𝑿i,t ′−1)

.

The identification formulae of mYtSt (𝒛̄t ′,𝑿it ′) and mSt (𝒛̄t ′,𝑿it ′) are given in Proposition 1.

We can show that ϕN(𝒛̄t )−mYtSt and ϕD(𝒛̄t−1)−mSt are the EIFs of 𝔼{Yit (𝒛̄t−1, zt )Sit (𝒛̄t−1)}
and Pr{Sit (𝒛̄t−1) = 1}, respectively. The EIFs do not include terms corresponding to
the perturbation of treatment distribution. Therefore, like the case of the average treat-
ment effect estimation, knowing the propensity score does not affect the EIFs (Hahn
(1998)).

Theorem 2 generalizes the EIFs under the standard longitudinal causal inference setting
(van der Laan and Gruber (2012), Kennedy (2019), Díaz et al. (2023)), where all units are
eligible for all treatments. In this case, τt (𝒛̄t−1) reduces to the effect of assigning treatment at
time t versus control at time t , given the prior treatment history 𝒛̄t − 1. Correspondingly, ϕτ
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reduces to the EIF in unconfounded longitudinal studies. In addition, if there is only one time
period T = 1, τt (𝒛̄t−1) reduces to the average treatment effect in a single time point, and ϕτ

becomes the classic doubly robust formula (Hahn (1998)).
Given these EIFs, we can solve 𝔼(ϕτ ) = 0 and 𝔼(ϕθ ) = 0 to obtain the identification

formulae for τt (𝒛̄t−1) and θ(ξ), which are given in the following corollary.

COROLLARY 2 (Identification formulae based on the efficient influence functions). Un-
der Assumptions 1–3,

τt (𝒛̄t−1) = 𝔼{ϕN(𝒛̄t−1,1) − ϕN(𝒛̄t−1,0)}
𝔼{ϕD(𝒛̄t−1)} ,

θ(ξ) =
T∑︂

t=1

∑︂
𝒛t

𝔼
{︁
ϕN(𝒛̄t )

}︁
ξt (𝒛̄t ).

When all the covariates are time invariant, the EIFs in Theorem 2 and identification for-
mulae in Corollary 2 can also be simplified by replacing the formulae for mYtSt (𝒛̄t ′,𝑿it ′) and
mSt (𝒛̄t ′,𝑿it ′) in Proposition 1 with the following:

mYtSt (𝒛̄t ′,𝑿it ′) = μt(𝒛̄t ,𝑿i )

t∏︂
s=t ′

ps(𝒛̄s−1,𝑿i ),(5)

mSt (𝒛̄t ′,𝑿it ′) =
t∏︂

s=t ′
ps(𝒛̄s−1,𝑿i ),(6)

where 𝑿i is the set of time-invariant covariates. Unlike those shown in Theorem 2, these
formulae depend only on the conditional outcome mean and eligibility probabilities. As a
result, they do not need to be iteratively defined.

3.5. Estimation and inference. Using the EIFs derived above, we construct estimators
that have a double robustness property and attain parametric convergence rates, even when
nuisance functions are estimated using flexible machine learning algorithms. We also intro-
duce alternative simple estimators that do not require models for the outcomes and eligibility
probabilities.

3.5.1. Estimators based on the EIFs. Corollary 2 motivates estimating the causal quanti-
ties by replacing the nuisance functions with their estimates. We denote the resulting estima-
tors as τ̂t (𝒛̄t−1) for τt (𝒛̄t−1) and θ̂ (ξ) for θ(ξ), respectively. Detailed expressions for these
estimators are provided in the Supplementary Material (Jiang et al. (2026)).

We discuss how to estimate the nuisance functions. Because πt(𝒛̄t ,𝑿it ) = ∏︁t
s=1 ws(𝒛̄s,

𝑿is), we estimate ws(𝒛̄s,𝑿is) for each s by modeling Zis , given (𝒁i,s−1,𝑿is) for units
with Sis = 1, and then multiplying these estimates across s to obtain π̂t (𝒛̄t ,𝑿it ). For
m̂YtSt (𝒛̄t ′,𝑿it ′), we propose the following recursive modeling approach based on Proposi-
tion 1(a):

1. Fit a model of Yit , given 𝒁it and 𝑿it , for units with Sit = 1 to obtain an estimate of
mYtSt (𝒛̄t ,𝑿it ) = 𝔼(Yit |Sit = 1,𝒁it = 𝒛̄t ,𝑿it ), denoted by m̂YtSt (𝒛̄t ,𝑿it ).

2. Fit a model of Si,t ′+1mYtSt (𝒛̄t ′+1,𝑿i,t ′+1), given 𝒁it ′ and 𝑿it ′ , for units with
Sit ′ = 1, using m̂YtSt (𝒛̄t ′+1,𝑿i,t ′+1), to recursively obtain an estimate of mYtSt (𝒛̄t ′,𝑿it ′) =
𝔼{Si,t ′+1mYtSt (𝒛̄t ′+1,𝑿i,t ′+1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′ } for t ′ = t − 1, t − 2, . . . ,1.
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The model in Step 2 may be difficult to specify since Si,t ′+1mYtSt (𝒛̄t ′+1,𝑿i,t ′+1) = 0 for
units with Si,t ′+1 = 0. We could alternatively write

𝔼
{︁
Si,t ′+1mYtSt (𝒛̄t ′+1,𝑿i,t ′+1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′

}︁
= 𝔼

{︁
mYtSt (𝒛̄t ′+1,𝑿i,t ′+1)|Si,t ′+1 = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′

}︁
pt ′+1(𝒛̄t ′,𝑿it ′).

(7)

Then the estimate of this term can be obtained by fitting a model of m̂YtSt (𝒛̄t ′+1,𝑿i,t ′+1),
given 𝒁it ′ and 𝑿it ′ for units with Sit ′ = 1, and a model of Sit ′ , given 𝒁i,t ′−1, 𝑿i,t ′−1 for units
with Si,t ′−1 = 1.

The recursive estimation procedure involves a sequence of conditional regressions, which
may introduce model incompatibility if all models are parametric. To mitigate this risk and
enhance robustness, we recommend using flexible machine learning methods for each step in
the recursion.

For m̂St (𝒛̄t ′,𝑿it ′), we propose a similar recursive approach based on Proposition 1(b):

1. Fit a model of Sit , given 𝒁i,t−1 and 𝑿i,t−1, for units with Si,t−1 = 1 to obtain
an estimate of mSt (𝒛̄t−1,𝑿i,t−1) = 𝔼(Sit |Si,t−1 = 1,𝒁i,t−1 = 𝒛̄t−1,𝑿i,t−1), denoted by
m̂St (𝒛̄t−1,𝑿i,t−1).

2. Fit a model of Si,t ′+1mSt (𝒛̄t ′+1,𝑿i,t ′+1), given 𝒁it ′ , 𝑿it ′ . for units with Sit ′ , using
m̂St (𝒛̄t ′+1,𝑿i,t ′+1), to recursively obtain an estimate of mSt (𝒛̄t ′,𝑿it ′) = 𝔼{Si,t ′+1mSt (𝒛̄t ′,
𝑿i,t ′+1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′ } for t ′ = t − 2, t − 3, . . . ,1.

Similar to the above, for Step 2, an alternative estimation strategy is to multiply the estimates
of 𝔼{mSt (𝒛̄t ′+1,𝑿i,t ′+1)|Sit ′ = 1,𝒁it ′ = 𝒛̄t ′,𝑿it ′ } and pt ′+1(𝒛̄t ′,𝑿it ′).

The EIF-based estimation relies on the models for the conditional mean outcome, eligi-
bility probability, and propensity score. However, we will show that the consistency of the
proposed estimators for τt (𝒛̄t−1) and θ(ξ) does not require the correct specification of all
models. The following theorem establishes the consistency of the proposed estimators un-
der either correct specification of the conditional mean and eligibility probability models, or
correct specification of the propensity score model.

THEOREM 3 (Double Robustness). Let m̃YtSt (𝒛̄t ′, 𝒙̄t ′), m̃St (𝒛̄t ′, 𝒙̄t ′), and π̃t ′(𝒛̄t ′, 𝒙̄t ′) de-
note the probability limit of m̂YtSt (𝒛̄t ′, 𝒙̄t ′), m̂St (𝒛̄t ′, 𝒙̄t ′), and π̂t ′(𝒛̄t ′, 𝒙̄t ′), respectively. Then
τ̂t (𝒛̄t−1) is consistent for τt (𝒛̄t−1) if either of the following two equalities hold:(︁

m̃YtSt (𝒛̄t ′, 𝒙̄t ′), m̃St (𝒛̄t ′, 𝒙̄t ′)
)︁ = (︁

mYtSt (𝒛̄t ′, 𝒙̄t ′),mSt (𝒛̄t ′, 𝒙̄t ′)
)︁

for all t ′,

π̃t ′(𝒛̄t ′, 𝒙̄t ′) = πt ′(𝒛̄t ′, 𝒙̄t ′) for all t ′.

Similarly, θ̂ (ξ) is consistent for θ(ξ) if either of the following two equalities holds:

m̃YtSt (𝒛̄t ′, 𝒙̄t ′) = mYtSt (𝒛̄t ′, 𝒙̄t ′), π̃t ′(𝒛̄t ′, 𝒙̄t ′) = πt ′(𝒛̄t ′, 𝒙̄t ′) for allt ′.

The proof shows that the bias of ϕ̂N (𝒛̄t ) for estimating 𝔼{Yit (𝒛̄t )Sit (𝒛̄t−1)} is given by

t∑︂
t ′=1

∫︂ {︁
mYtSt (𝒛̄t ′, 𝒙̄t ′) − m̃YtSt (𝒛̄t ′, 𝒙̄t ′)

}︁{︃πt ′(𝒛̄t ′, 𝒙̄t ′)

π̃t ′(𝒛̄t ′, 𝒙̄t ′)
− πt ′−1(𝒛̄t ′−1, 𝒙̄t ′−1)

π̃t ′−1(𝒛̄t ′−1, 𝒙̄t ′−1)

}︃

×
t ′∏︂

s=2

ps(𝒛̄s−1, 𝒙̄s−1)

t ′∏︂
s=1

ls(𝒛̄s−1, 𝒙̄s)d𝒙̄t ′,
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while the bias of ϕ̂D(𝒛t−1) for estimating Pr{Sit (𝒛t−1) = 1} has the following expression:
t−1∑︂
t ′=1

∫︂ {︁
mSt (𝒛̄t ′, 𝒙̄t ′) − m̃St (𝒛̄t ′, 𝒙̄t ′)

}︁{︃πt ′(𝒛̄t ′, 𝒙̄t ′)

π̃t ′(𝒛̄t ′, 𝒙̄t ′)
− πt ′−1(𝒛̄t ′−1, 𝒙̄t ′−1)

π̃t ′−1(𝒛̄t ′−1, 𝒙̄t ′−1)

}︃

×
t ′∏︂

s=2

ps(𝒛̄s−1, 𝒙̄s−1)

t ′∏︂
s=1

ls(𝒛̄s−1, 𝒙̄s)d𝒙̄t ′ .

The double robustness follows immediately from these bias expressions.
Finally, if all models are correctly specified, then the estimators are asymptotically Normal

and semiparametrically efficient under certain regularity conditions.

THEOREM 4 (Asymptotic Normality and Efficiency). Suppose that in addition to As-
sumptions 1–3, the following conditions hold:

(a) m̃YtSt (𝒛̄t ′, 𝒙̄t ′) = mYtSt (𝒛̄t ′, 𝒙̄t ′), m̃St (𝒛̄t ′, 𝒙̄t ′) = mSt (𝒛̄t ′, 𝒙̄t ′), and π̃t ′(𝒛̄t ′, 𝒙̄t ′) =
πt ′(𝒛t ′,𝒙t ′) for all t ′.

(b) The estimated functions m̂YtSt (𝒛̄t ′, 𝒙̄t ′), m̂St (𝒛̄t ′, 𝒙̄t ′), and π̂t ′(𝒛̄t ′, 𝒙̄t ′) are in a Donsker
class.

(c) δ < πt(𝒛̄t , 𝒙̄t ) < 1 − δ and δ < π̂t (𝒛̄t , 𝒙̄t ) < 1 − δ for all 𝒙̄t and some δ ∈ (0, 1
2).

(d) For all t ′,⃦⃦
mYtSt (𝒛̄t ′,𝑿it ′) − m̃YtSt (𝒛̄t ′,𝑿it ′)

⃦⃦
2,s · ⃦⃦

ŵt ′(𝒛̄t ′,𝑿it ′) − wt(𝒛̄t ′,𝑿it ′)
⃦⃦

2,s = oP

(︁
n−1/2)︁

,⃦⃦
mSt (𝒛̄t ′,𝑿it ′) − m̃St (𝒛̄t ′,𝑿it ′)

⃦⃦
2,s · ⃦⃦

ŵt ′(𝒛̄t ′,𝑿it ′) − wt(𝒛̄t ′,𝑿it ′)
⃦⃦

2,s = oP

(︁
n−1/2)︁

,

where ∥ · ∥2,s is defined as follows for any function of 𝑿it ′ , f (𝑿it ′):⃦⃦
f (𝑿it ′)

⃦⃦
2,s =

∫︂
f 2(𝒙̄t ′)

t ′∏︂
s=2

ps(𝒛̄s−1, 𝒙̄s−1)

t ′∏︂
s=1

ls(𝒛̄s−1, 𝒙̄s)d𝒙̄t ′ .

Then {ϕ̂N (𝒛̄t−1,1) − ϕ̂N (𝒛̄t−1,0)}/ϕ̂D(𝒛̄t−1) and
∑︁T

t=1
∑︁

𝒛̄t
ϕ̂N (𝒛̄t )ξ(𝒛̄t ) are asymptotically

Normal and achieve the semiparametric efficiency bound.

Theorem 4 extends double machine learning (e.g., Chernozhukov et al. (2018)) to longitu-
dinal settings with selective eligibility. Condition (a) requires the consistency of all nuisance
models; Condition (b) imposes constraints on the complexity of the spaces of their estimators,
which can be relaxed by cross-fitting; Condition (c) requires the overlap condition to hold for
both the true and estimated treatment probabilities, enabling bounding the estimation errors;
Condition (d) requires the nuisance estimators to converge at a fast enough rate, though it can
be slower than the n1/2 parametric convergence rates.

3.5.2. Alternative simple estimators. The above estimators are efficient but require com-
plex modeling. In practice, researchers may prefer a simpler estimation strategy, even
at the expense of some efficiency. We consider two alternative estimation strategies for
𝔼{Yit (𝒛̄t )|Sit (𝒛̄t−1) = 1} and Pr{Sit (𝒛̄t−1) = 1} using the identification results shown in The-
orem 1.

First, based on the identification formula of Theorem 1(a), we obtain the estimates
m̂YtSt (𝒛̄t ,𝑿it ) and m̂St (𝒛̄t ,𝑿it ) and then compute the following estimators:

ˆ︁𝔼{︁
Yit (𝒛̄t )|Sit (𝒛̄t−1) = 1

}︁ =
∑︁n

i=1 m̂YtSt (𝒛̄t ,𝑿it )∑︁n
i=1 m̂St (𝒛̄t ,𝑿it )

,(8)

ˆ︁Pr
{︁
Sit (𝒛̄t−1) = 1

}︁ = 1

n

n∑︂
i=1

m̂St (𝒛̄t ,𝑿it ).(9)

This estimation strategy relies only on the outcome mean and eligibility probability models.
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Next, based on Theorem 1(b), we estimate π̂t−1(𝒛̄t−1,𝑿i,t−1) by modeling the treatment
assignment. Using these estimates, we obtain the following estimators:

ˆ︁𝔼{︁
Yit (𝒛̄t )|Sit (𝒛̄t−1) = 1

}︁ =
∑︁n

i=1 Yit1{𝒁it = 𝒛̄t , Sit = 1}/π̂t−1(𝒛̄t−1,𝑿i,t−1)∑︁n
i=1 1{𝒁i,t−1 = 𝒛̄t−1, Sit = 1}/π̂t−1(𝒛̄t−1,𝑿i,t−1)

,(10)

ˆ︁Pr
{︁
Sit (𝒛̄t−1) = 1

}︁ =
n∑︂

i=1

1{𝒁i,t−1 = 𝒛̄t−1, Sit = 1}
π̂t−1(𝒛̄t−1,𝑿i,t−1)

.(11)

This estimation strategy relies only on the modeling of the propensity score. However, it may
be unstable if some of the estimated propensity scores are close to zero or one.

Finally, the recursive modeling approach becomes unnecessary when the covariates are
time invariant. From equations (5) and (6), we can plug in the estimated outcome mean and
the eligibility probabilities in the identification formula and replace the expectation with the
empirical average to obtain the estimators of m̂YtSt (𝒛̄t ′,𝑿it ′) and m̂St (𝒛̄t ′,𝑿it ′).

4. Simulation study.

4.1. Setup. We conduct a proof-of-concept simulation designed to verify the implemen-
tation of the proposed method and illustrate its key theoretical properties. We first generate
the potential values of outcome and eligibility indicators, and then compute their observed
values after generating the treatment:

1. Generate four independent standard Normal random variables, 𝑿i = (Xi1, . . . ,Xi4).
2. Generate Yi1(z1) from a Normal linear model:

𝔼{Yi1(z1)|𝑿i} = −1 + z1 + 0.5Xi1 − Xi3.

3. Generate Si2(z1) from the following model:

Pr
{︁
Si2(z1) = 1|𝑿i

}︁
=

⎧⎪⎪⎨⎪⎪⎩
logit−1(︁

1 + 0.5z1 + 0.5Xi2 − 0.5Xi3 − Xi4 − δYi1(z1)
)︁

if − 1 < Xi1 < 1,

0 if z1 = 0 and Xi1 ≤ −1,

1 if z1 = 1 and Xi1 ≥ 1.

4. Generate Yi2(z1, z2) and Si3(z1, z2) from Normal linear and logistic models condi-
tional on Si2(z1) = 1 while setting Si3(z1, z2) = 0 for units with Si2(z1) = 0,

𝔼
{︁
Yi2(z1, z2)|Si2(z1) = 1,𝑿i , Yi1(z1)

}︁
= 0.5 − 0.5z1 − 0.5z1z2 + Xi2 − 0.5Xi4 + 0.5z1Xi3 − δYi1(z1) + 2δz2Yi1(z1),

Pr
{︁
Si3(z1, z2) = 1|Si2(z1) = 1,𝑿i

}︁
= logit−1(︁

1 − 0.5z1 + z2 + 0.5z2Xi2 − Xi3 + δYi2(z1, z2)
)︁
.

5. Generate Yi3(z1, z2, z3) from a Normal linear model conditional on Si3(z1, z2) = 1:

𝔼{Yi3(z1, z2, z3)|Si3(z1, z2) = 1,𝑿i , Yi1(z1), Yi2(z1, z2)}
= −1 − 0.25z1 − 0.5z2 − 0.5z2z3 + Xi1 − 0.5Xi3 − 2δYi1(z1) − 0.5δz2Yi1(z1)

+ 2δYi2(z1, z2) + δz3Yi2(z1, z2)

.
6. Generate Zi1 from a logistic model and compute the observed data Yi1 and Si2:

Pr{Zi1 = 1|𝑿i} = logit−1(0.2 + 0.2Xi1 − 0.4Xi2).
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7. Generate Zi2 from a logistic model conditional on Si2 = 1, and compute the observed
data Yi2 and Si3:

Pr{Zi2 = 1|Si2 = 1,Zi1 = z1,𝑿i , Yi1} = logit−1(0.5 − 0.5z1 + 0.5Xi2 − 0.5Xi4 + δYi1).

8. Generate Zi3 from a logistic model conditional on Si3 = 1, and compute Yi3:

Pr{Zi3 = 1|Si3 = 1,Zi1 = z1,Zi2 = z2,𝑿i , Yi1, Yi2}
= logit−1(1 − 0.5z1 − 0.5z2 + 0.5Xi1 − 0.5Xi3 + δYi1 − δYi2).

In this data generating process, δ determines the degree to which the outcome in the preced-
ing periods affects the current treatment assignment and outcome; we consider two scenar-
ios: δ = 0 and δ = 0.5. When δ = 0, Assumption 2 holds with time invariant confounders
𝑿it = 𝑿i for t = 1,2,3. When δ = 0.5, Assumption 2 holds with time varying covariates
𝑿i1 = 𝑿i , 𝑿i2 = (𝑿i , Yi1), and 𝑿i2 = (𝑿i , Yi1, Yi2). Moreover, the construction of Si2(z1)

in Step 3 implies that both the ignorability assumption and the overlap condition are violated
for the eligibility indicator.

Under each scenario, we consider the outcome regression estimators based on equations
(8) and (9), the IPW estimators based on equations (10) and (11), and the DR estimators.
The causal quantities of interest include τ1, τ2(z1), and τ3(z1, z2) for z1, z2 = 0,1, and the
expected cumulated outcomes under the treat-nobody strategy θ0 and treat-everyone strategy
θ1.

Following Kang and Schafer (2007) and Kennedy (2019), we use both parametric and
nonparametric methods to estimate the nuisance functions with both correctly specified
covariates 𝑿i and misspecified covariates 𝑿∗

i , which are constructed by transforming the
true covariates as follows: X∗

1 = exp(X1/2), X∗
2 = X2

1+exp(X1)
+ 10, X∗

3 = (X1X3
25 + 0.6)3,

X∗
4 = (X1 + X4 + 20)2.
In total, we have four different versions of the simulation. For parametric estimation we use

linear models for the continuous variables and logistic models for binary variables. For non-
parametric estimation we use the Super Learner ensemble (van der Laan, Polley and Hubbard
(2007)) that combines parametric models, random forest, and generalized additive models.

4.2. Results. Figure 2 presents the absolute bias of each estimator based on 1,000 Monte
Carlo simulations under the scenario with time-invariant confounders and a sample size of
n = 5,000. Figure 3 shows the root mean square error (RMSE) under the same settings,
while Figures S3 and S4 in the Appendix present the corresponding results with time-varying
confounders.

Across all scenarios using nonparametric methods (“CorML” and “MisML”), the doubly
robust (DR) estimator generally demonstrates comparable or superior performance relative
to the outcome regression and IPW estimators. This advantage is especially pronounced for
τ1, τ2(1), and τ2(0), where the DR estimator exhibits consistently low bias and RMSE. For
τ3(·, ·), however, the DR estimator occasionally shows higher bias and RMSE than outcome
regression, possibly due to increased variability in propensity score estimation when the num-
ber of eligible units is small. This challenge is further amplified under the data-generating
process without overlap, where extreme propensity scores hinder accurate estimation. The
IPW estimator performs the worst in most scenarios, with large bias and RMSE across all
scenarios. Overall, these results underscore the practical difficulties of estimating later-period
effects in longitudinal settings with selective eligibility.

In scenarios using parametric methods, outcome regression performs best when the co-
variates are correctly specified. This is expected, as outcome regression corresponds to the
maximum likelihood estimator under correct specification. When covariates are misspecified,
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FIG. 2. Absolute bias of each estimator across 1,000 replications with δ = 0 and n = 5,000. Each plot presents
the results for one target causal quantity. The labels on the horizontal axis—“CorML,” “CorP,” “MisML,” and
“MisP”—stand for the nonparametric estimation with correctly specified covariates, parametric estimation with
correctly specified covariates, nonparametric estimation with misspecified covariates, and parametric estimation
with misspecified covariates, respectively. Within each group, the bars correspond to the regression, IPW, and
doubly robust estimators.

both the DR and outcome regression estimators exhibit bias, and their relative performance
varies across estimands. Across all parametric settings, the IPW estimator remains the least
reliable, showing the largest biases and RMSEs.

We also evaluate the coverage rates of the confidence interval based on the proposed dou-
bly robust estimator. Details of the confidence interval construction are provided in the Ap-
pendix. Table 2 presents the results. When covariates are correctly specified, the estimator
achieves nominal coverage across all target parameters under both time-invariant and time-
varying confounding scenarios. In contrast, when covariates are misspecified, we observe a
decline in coverage rates for several parameters, particularly for the effects at time 3. This
pattern suggests that the estimator is sensitive to model misspecification when estimating
more granular subgroup effects.

To further illustrate the consequences of ignoring selective eligibility, we implement a
naive estimation strategy that treats each case as an independent observation and applies a
standard doubly robust estimator, without accounting for the longitudinal eligibility structure.
Specifically, we estimate the expected total outcomes θ0, θ1, and their difference θ1 −θ0 using
this case-level approach, with nuisance functions estimated nonparametrically. We present
the results in the Appendix. The coverage rates of the resulting confidence intervals are es-
sentially zero, highlighting the risk of severely misleading inference when eligibility is not
properly accounted for in the analysis. Interestingly, coverage is somewhat better under the
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FIG. 3. Root mean squared error (RMSE) of each estimator with δ = 0 and n = 5,000. Each subplot presents
the results for one target causal quantity. Within each subplot, the x-axis labels ‘CorML,” “CorP,” “MisML,” and
“MisP” stand for the nonparametric estimation with correctly specified covariates, parametric estimation with
correctly specified covariates, nonparametric estimation with misspecified covariates, and parametric estimation
with misspecified covariates, respectively. Within each group, the bars correspond to the regression, IPW, and
doubly robust estimators.

time-varying confounding scenario than in the time-invariant case, possibly because recursive
fitting of the nuisance functions partially mitigates misspecification.

Additional simulation results in the Appendix include scenarios with binary outcomes
generated from logistic models with both time-invariant and time-varying confounders. These
results are qualitatively similar.

5. Analysis of the PSA experiment. We now turn to analyzing the PSA experiment
described in Section 2, using the methodology from Section 3 to account for selective eligi-

TABLE 2
Coverage rates of the doubly robust estimator using nonparametric methods under different model specifications

for δ = 0 (time-invariant covariates) and δ = 0.5 (time-varying covariates) under n = 5,000. “Cor” indicates
correctly specified covariates, and “Mis” indicates misspecified covariates

δ τ1 τ2(1) τ2(0) τ3(1,1) τ3(0,1) τ3(1,0) τ3(0,0) θ0 θ1

δ = 0 Cor 0.956 0.948 0.958 0.945 0.945 0.951 0.951 0.953 0.940
Mis 0.954 0.929 0.932 0.685 0.767 0.815 0.877 0.907 0.886

δ = 0.5 Cor 0.957 0.946 0.951 0.951 0.938 0.953 0.941 0.941 0.952
Mis 0.952 0.956 0.935 0.831 0.830 0.918 0.900 0.941 0.921
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bility. We limit our analyses to estimating the causal effects up to the third case T = 3, as
the number of cases decreases to only 113 when considering the fourth case, making reliable
estimation infeasible.

We consider three components. First, we evaluate whether the judge becomes more likely
to follow the PSA recommendation in later cases for the same arrestee. Second, we assess
the impact of PSA provision on each of the three negative outcomes: FTA, NCA, and NVCA.
Third, we examine whether PSA provision improves the quality of the judge’s decisions, as
measured by the misclassification rate. For each component, we estimate both the ETEs and
the ETOs under two hypothetical policies: one that provides PSA recommendations to all
cases and the other that never provides PSA recommendations for any case.

5.1. Setup. Let Zit represent the randomized treatment assignment variable with Zit = 1
implying that the judge received the PSA recommendation for arrestee i after the t th arrest
for i = 1,2, . . . , n and t = 1,2,3. For each component of the application, we estimate several
causal quantities. They include the average effect of the first PSA provision τ1, the average
effects of the second PSA provision τ2(z1) for z1 = 0,1, and the average effects of the third
PSA provision τ3(z1, z2) for z1, z2 = 0,1. In addition, we also estimate the expected number
of outcomes under two policy-relevant scenarios: if the judge were to receive a PSA recom-
mendation for every case, θ1, and if the judge were to receive a PSA recommendation for no
cases, θ0. Finally, we estimate the difference between these two scenarios, that is, θ1 − θ0.

Because the PSA provision is randomized, Assumption 2 holds without conditioning on
covariates. Nevertheless, for potential efficiency gains, we include age, gender, race, and the
interaction between gender and race in our models. Because the propensity score model is
always correctly specified, the DR estimator will be consistent regardless of whether the other
nuisance functions are correctly specified.

5.2. Empirical evidence of selective eligibility. Before turning to outcome analysis, we
examine the presence of selective eligibility in the data. For time t = 2, we nonparametri-
cally estimate the conditional probabilities Pr(Si2(1) = 1|𝑿i2) and Pr(Si2(0) = 1|𝑿i2) for
each unit. We then compute the unit-level differences between these two probabilities. A
difference away from zero implies that treatment at time t = 1 influences the likelihood
of eligibility at time t = 2, providing evidence of selective eligibility. For time t = 3, we
focus on the subset of units that remained eligible for the second treatment. We compare
Pr(Si3(0,1) = 1|𝑿i3, Si2(0) = 1) with Pr(Si3(0,0) = 1|𝑿i3, Si2(0) = 1), and Pr(Si3(1,1) =
1|𝑿i3, Si2(1) = 1) with Pr(Si3(1,0) = 1|𝑿i3, Si2(1) = 1) to assess whether eligibility at time
t = 3 is affected by the second treatment.

Figure 4 displays the histograms of the estimated unit-level differences in eligibility prob-
abilities under alternative treatment conditions. In each panel the vertical dashed line marks
zero difference. We observe substantial variation in predicted differences across units, espe-
cially for t = 2, where the distribution is visibly spread and centered slightly below zero. This
suggests that treatment at the first time point may reduce the likelihood of being eligible at
time 2 (i.e., being rearrested) for some units. For time t = 3, the differences are smaller in
magnitude but still show visible dispersion, confirming that eligibility is not independent of
treatment history.

5.3. Effect on the agreement between the judge’s decision and PSA recommendation. We
first examine whether the provision of the PSA affects the likelihood that the judge’s decision
aligns with the PSA recommendation. For this analysis we define the outcome Yit = 1 if
the judge’s release decision agrees with the PSA recommendation after the t th arrest, and
Yit = 0 otherwise. Figure 5 presents the estimated effects of PSA provision on this agreement
outcome, along with 95% confidence intervals.
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FIG. 4. Distribution of differences in fitted eligibility probabilities under alternative treatment histories using
nonparametric methods. Each panel displays the distribution of unit-level differences in the fitted conditional
probability of being eligible (Sit = 1) under different treatment conditions. The y-axis shows counts of units in
each bin.

We find that PSA provision generally increases the probability of agreement between the
judge’s decision and the PSA recommendation. The estimated effects are statistically signif-
icant for the first two arrest cases, indicating that PSA provision influences judicial decisions
in the direction of the PSA recommendation at early stages. For the third arrest case, the es-
timated effects are imprecisely estimated due to the smaller number of eligible cases. While
some point estimates, such as τ3(1,1), are positive and larger in magnitude, their confidence
intervals include zero. We, therefore, do not interpret these estimates as evidence of a sys-
tematic effect at later arrest stages. Similarly, while τ2(1) is slightly larger than τ2(0), the
difference is not statistically significant. Overall, the evidence supports an effect of PSA pro-
vision on agreement at earlier arrests, with limited and inconclusive evidence at later cases.

FIG. 5. Estimated average effects of PSA provision on whether the judge’s decision agrees with the PSA rec-
ommendation using nonparametric models. Each point represents a treatment effect, defined as the difference in
agreement probabilities under different treatment histories. The figure shows the estimated effect at time t = 1 on
the top (τ1), the two estimated effects at time t = 2 in the middle (τ2(z1)), the four estimated effects at time t = 3
in the bottom (τ3(z1, z2)), and the expected total number of agreements between the judge’s decision and the PSA
recommendation under the never-treat strategy (θ0) and always-treat strategy (θ1). The horizontal lines represent
the 95% confidence intervals.
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FIG. 6. Estimated average effects of PSA provision on the three negative outcomes (FTA, NCA, and NVCA) based
on nonparametric models. Each point represents a treatment effect, defined as the difference in probabilities of
negative outcomes under different treatment histories. Each panel includes the estimated effect at time t = 1 on
the top (τ1), the two estimated effects at time t = 2 in the middle (τ2(z1)), the four estimated effects at time t = 3
in the bottom (τ3(z1, z2)), and the expected number of each negative outcome under the never-treat strategy (θ0)
and the always-treat strategy (θ1). The horizontal lines represent 95% confidence intervals.

5.4. Effect on the negative outcomes. Figure 6 shows the estimated effects of PSA pro-
vision on the occurrence of each negative outcome with their 95% confidence intervals. We
find that none of the estimated effects is statistically significant, with the exception of the
estimated difference in the expected number of NCAs under the always-provide and never-
provide strategies (middle panel). This result suggests that providing the PSA to the judge for
all cases may lead to a higher number of total NCAs, although we would want to replicate this
analysis in other essentially identical field RCTs we have conducted before so concluding.

Similarly, several of the point estimates for ETEs on NCA and NVCA are positive, though
their intervals are wide and include zero. These results suggest a possible pattern in which
PSA provision does not reduce and may even slightly increase certain types of negative out-
comes. This pattern is broadly consistent with the earlier findings based on the first arrest case
reported in Imai et al. (2023). While we do not interpret these as evidence of a true effect, the
consistent direction of some estimates may warrant further examination in future work.

5.5. Effect on the misclassification rate of the judge’s decision. Finally, we evaluate
whether the PSA provision helps improve the quality of the judge’s decisions. Following
the framework proposed in Ben-Michael et al. (2025a), we define the quality of the deci-
sion in terms of a misclassification rate that captures whether the judge’s release decision
aligns with the risk level of the arrestee. The method uses a risk-based benchmark: whether
the arrestee would have committed a negative outcome if released without bail. A decision is
classified as misaligned if either: (i) the judge releases an arrestee without bail and this results
in a negative outcome, or (ii) the judge assigns bail to an arrestee when there counterfactually
would not have been a bad outcome had the arrestee been released without bail. The outcome
variable used in this analysis is a compound measure capturing this misclassification, defined
as (1 − Yit )Dit − (1 − Yit )(1 − Dit ), where Yit is the realized negative outcome and Dit is
the judge’s release decision, where Dit = 1 corresponds to the cash bail decision and Dit = 0
corresponds to releasing without cash bail. We refer readers to Ben-Michael et al. (2025a) for
the full construction of this measure.
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FIG. 7. Estimated average effects of PSA provision on the misclassification rates of the judge’s decision in terms
of the three negative outcomes using nonparametric models. Each point represents a treatment effect, defined as
the difference in misclassification rates under different treatment histories. The figure shows the estimated effect
at time t = 1 on the top (τ1), the two estimated effects at time t = 2 in the middle (τ2(z1)), the four estimated
effects at time t = 3 in the bottom (τ3(z1, z2)), and the overall difference in expected number of misclassifications
per person under the never-treat strategy and always-treat strategy (θ1 − θ0). Because the individual quantities
θ0 and θ1 do not have interpretable meanings in this context, we report only their difference. The horizontal lines
represent the 95% confidence intervals.

Figure 7 displays the estimated effects of PSA provision on the misclassification rates
of the judge’s decisions in terms of each negative outcome. The estimated overall effect on
the expected number of misclassifications per arrestee (θ1 − θ0) is positive and statistically
significant for NCA, indicating that PSA provision may worsen classification performance for
this outcome. For FTA and NVCA, the overall effects are close to zero. Other than that, most
of the estimated effects are small and not statistically significant. Several point estimates for
the third case are positive for NCA and negative for FTA. However, in all cases the confidence
intervals are wide and include zero. These results largely align with earlier findings based on
first-case-only analyses in Ben-Michael et al. (2025a).

6. Concluding remarks. In this paper we proposed a general causal framework for
defining and estimating treatment effects in longitudinal studies with selective eligibility. We
established identification results and developed estimation approaches for the causal quanti-
ties. The proposed methodology, therefore, generalizes existing methods for standard longi-
tudinal studies to this new setting.

In our randomized evaluation of the PSA, we find that providing the PSA increases the
rate of agreement between the algorithm’s recommendation and the judge’s decision, with
potentially larger impacts on agreement when the PSA is repeatedly provided for the same
arrestee across rearrests. We mostly find null impacts of the provision of the PSA on the three
negative outcomes, as well as on the misclassification rate of the judge’s decisions, though
there is some evidence that the total number of new criminal activities and the associated
total number of misclassifications would increase if the PSA were to always be provided to
the judge relative to cases where it were never provided to the judge.

Our analysis uses t to denote periods rather than calendar time, which may lead to two
important issues. First, both judicial decision-making and arrestee behavior may exhibit tem-
poral trends. This mismatch can challenge the assumption that cases at the same value of
t are identically distributed, potentially introducing bias if external conditions evolve over
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calendar time. Second, the interpretation of our causal estimands depends on the observation
window and the timing of events. A shorter or longer study period would result in a different
eligible population at each time point, affecting both identification and generalizability. Ad-
dressing these issues would require modeling the data-generating process in continuous time
and incorporating censoring mechanisms for eligibility status. We view this as an important
limitation of the current framework and a valuable direction for future research.

There are several avenues for future work. While we focused on nonparametric identi-
fication and estimation, with a large value of t , the causal effect τt (𝒛t−1) conditions on a
long treatment history, increasing the likelihood of violating the overlap condition required
for identification. In addition, the number of causal estimands grows exponentially with t .
In such cases, incorporating modeling assumptions becomes necessary for addressing iden-
tification challenges and improving estimation. One possible approach is to apply structural
nested mean models under selective eligibility (Robins (1992), Hernán and Robins (2020)).
Our estimands can also be extended to condition on time-varying covariates. The identifica-
tion strategy remains valid under this extension. However, efficient estimation becomes more
challenging and typically requires additional technical development.

It is also of interest to extend the proposed framework to continuous time longitudinal stud-
ies with selective eligibility. The survival analysis literature has formulated the problem as
semicompeting risks in which the primary outcome is the nonterminal event and the process
of selective eligibility acts as a competing risk (Fine, Jiang and Chappell (2001)). However,
most existing research does not involve time-varying treatments (Comment et al. (2025), Xu
et al. (2022)). Our framework may be generalized to assess the effect of a time-varying treat-
ment in the presence of semicompeting risks.
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