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A.1 Estimation and Inference for Fixed I'TRs with No Budget Constraint

A.1.1 The Population Average Value

For a fixed ITR with no budget constraint, the following unbiased estimator of the population
average value (Eqn (1)), based on the experimental data Z, is used in the literature (e.g.,
[and Murphyy, [2011]),

A(Z) = 2o S VEAX) + 0 YoV - T - (X)), (A1

Under Neyman’s repeated sampling framework, it is straightforward to derive the unbiasedness and
variance of this estimator where the uncertainty is based solely on the random sampling of units
and the randomization of treatment alone. The results are summarized as the following theorem.

THEOREM A1l (UNBIASEDNESS AND VARIANCE OF THE POPULATION AVERAGE VALUE ESTIMA-

TOR) Under Assumptions 1,2, and 3, the expectation and variance of the population average value
estimator defined in Eqn (Al]) are given by,
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}uhere S%t :}Z?I(Yfi(t)Yf(t))Q/(nl) with Yyi(t) = 1{f(X;) = 1}Y;(t) and Y¢(t) = >0, Yyi(t)/n
ort=+410,1}.

Proof is straightforward and hence omitted.
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A.1.2 The Population Average Prescriptive Effect (PAPE)
To estimate the PAPE with no budget constraint (Eqn (2)), we propose the following estimator,
n
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where py = > 1" | f(X;)/n is a sample estimate of ps, and the term n/(n — 1) is due to the finite
sample degree-of-freedom correction resulting from the need to estimate ps. The following theorem
proves the unbiasedness of this estimator and derives its exact variance.

THEOREM A2 (UNBIASEDNESS AND EXACT VARIANCE OF THE PAPE ESTIMATOR) Under Assump-
tions 1, 2, and 3, the expectation and variance of the PAPE estimator defined Eqn (A2)) are given

by,
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Note that E(gjgt) does not equal V(?ﬁ(t)) because the proportion of treated units py is estimated.
The additional term in the variance accounts for this estimation uncertainty of p;. The variance
of the proposed estimator can be consistently estimated by replacing the unknown terms, i.e., py,
T T, E(gﬁt), with their unbiased estimates, i.e., pr, 7y,
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where Yy = (f(X;) — pp)Y; and Yy, = S0 1{T; = t}Y}i/ne.
To prove Theorem we first consider the sample average prescription effect (SAPE),

Z{Y —prYi(1) = (1 —pp)Yi(0)}. (A3)

and its unbiased estimator,

= m;mﬂ +ROZY (1-T)(1 - £(X;)) an;YT ZY (A4)

This estimator differs from the estimator of the PAPE by a small factor, ie., 77 = (n —1)/n?y.

The following lemma derives the expectation and variance in the Neyman framework. Thus, it
only requires the randomization-based finite sample inference and does not need Assumption 2.



LEMMA 1 (UNBIASEDNESS AND EXACT VARIANCE OF THE ESTIMATOR FOR THE SAPE) Under
Assumptions 1, 2, and 3, the expectation and variance of the estimator of the PAPE given in

Eqn (A4) for estimating the SAPE defined in Eqn (A3|) are given by,
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Proof We begin by computing the expectation with respect to the experimental treatment as-

signment, i.e., Tj,
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To derive the variance, we first rewrite the proposed estimator as,

7= 5+ Y DX —iy) <Y<1>+Y(0)>
i=1
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where D; = T; —nq /n. Thus, noting E(D;) = 0, E(D?) = non1/n?, and E(D;D;) = —ngny/{n*(n—
1)} for ¢ # j, after some algebra, we have,
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Now, we prove Theorem Using Lemma [I] and the law of iterated expectation, we have,

E(7
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We compute the following expectation for t = 0,1,

E(me(t)> - E(ZWE@)) = %E D X))+ FX)Yi(t)
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= E{fX)Yi(0)} + (n — psE(Y;(?)).

Putting them together yields the following bias expression,

n—1
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where 7; = Y;(1) — Y;(0). We can further rewrite the bias as,

—%COV(f(Xi)’Tz‘) = %pf{E(Ti | f(Xi) =1) =7}
= o - p){E(r | F(X) = 1)~ B | £(X:) = 0)}
_ T (49)

where 7 = E(Y;(1) — Y;(0)). This implies the estimator for the PAPE is unbiased, i.e., E(7¢) = 7.
To derive the variance, Lemma [1] implies,

( Z{Yfz — V(0 }> +E {n <msf1 + %Sfo + 2Sf01> } .

Applying Lemma 1 of[Nadeau and Bengio| (2000)) to the first term within the square brackets yields,

V(iy) = (A6)
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where ¢ # j. Focusing on the covariance term, we have,
Cov(Y7i(1) = Y5i(0), Yyi(1) — Y7:(0))
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Individual|T; f(X;) Y; Yi(0) Y;(1)
A 1 1 2 0 2
B 1 0 3 1 3
C 0O 0 -1 -1 -1
D 0 1 1 1 0
E 1 0 3 0 3

Table A1: A Numerical Example for Binary Treatment Assignment and Outcomes

= % [77 + (n = 2)py(1 = pp)7° + 2(n — V)7 {77 (2py — 1) — (1 = pys)psT}]
= % {77 =nps(L=pp)* +2(n = 1)(2ps = Vry7}

where the third equality follows from the formula for the covariance of products of two ran-

dom variables (Bohrnstedt and Goldberger} [1969)). Finally, combining this result with equa-

tions ({A6) and (A7) yields,
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A potential complication with this estimator in practice is that its estimate (along with the
variance) would change under an additive transformation, i.e., Y;(t) — Yi(t) + 0 for ¢ = 0,1 and
a given constant §. This issue is not due to the specific construction of the proposed estimator.
It instead reflects the fundamental issue of many prescription effects including the population
average value and PAPE that they cannot be defined solely in terms of multiples of Y;(1) — ¥;(0)
(see Appendix for a numerical example). One solution is to center the outcome variable such
that > . Y;Ti/n1 + > Yi(1 — T;)/no = 0 holds. This solution is motivated by the fact that
when the condition holds in the population (i.e. E(Y;(1) + Y;(0)) = 0), the variance of the PAPE

estimator is minimized.

A.1.3 A Numerical Example Showing the Lack of Additive Invariance for the Popu-

lation Average Value

Consider an ITR f : X — {0,1}, and we would like to know its population average value. Table
shows an numerical example with the observed outcome Y;, the ITR f(X;), the actual assignment
T;, and the potential outcomes Y;(0), Y;(1). Then, in this example, we have ny = 3 (A,B,E), ng = 2

(C,D), and the population average value estimator would be:

M(Z) = LS VT + Y V(- T - J(X)
i=1 =1

1 1
= g(1°240:340-3) + S(1-~1+40-1)



Now let us consider an additive transformation Y;(¢t) — Y;(¢) + 1 := Y/(t) for t = 0, 1, where every
outcome value is raised by 1. Then, its population average value estimator is now:

3(2) = Y VT +fZY’ 1= T)(1 - £(X))
=1

1
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Note that the difference S\’f(Z) - #(Z) = 2 # 1 does not equal to the amount of additive transfor-
mation. The problem arises because they are not multiples of Y;(1) — Y;(0) but rather they depend
on what the actual assignments of the ITR.

A.2 Proof of Theorem 1

We begin by deriving the variance. The derivation proceeds in the same fashion as the one for
Theorem The main difference lies in the derivation of the covariance term, which we detail

below. First, we note that,

Pr(f(Xi,&(f)) =1) =

=3

where the second equality follows from the fact that once conditioned on ¢é,(f) = ¢, exactly |np]
out of n units will be assigned to the treatment condition. Given this result, we can compute the

covariance as follows,

Cov(Yi(1) - Y;(0), Y;(1) — Y;(0))
= COV{( (Xz,Cp(f)) )Tla(f(Xj7ép(f))_p)Tj}
= Cov {f(Xi, &())7i f(Xj. ()75} — 20Cov (73, F(Xj, 8(f))7))

= bl 20 = el = Vg, a,() = 177 - 2pCov (7 £, 2(0)7)
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Combining this covariance result with the expression for the marginal variances yields the desired

variance expression for 7¢(¢,(f)).
Next, we derive the upper bound of bias. Using the same technique as the proof of Theorem
we can rewrite the expectation of the proposed estimator as,

E(7p(ep)) = Z{Y (Xi,6p(f))) = pYi(1) = (1 = p)Yi(0)}



Now, define F(c) = P(s(X;) < ¢). Without loss of generality, assume é,(f) > ¢, (If this is not the
case, we simply switch the upper and lower limits of the integrals below). Then, the bias of the
estimator is given by,

(77 (Ep(f)) = 15(cp)] =

Z{Y (Xi;6())) = Yz(f(szCp))}”

& ()
= |Bam / E(r; | s(X;) = ¢)dF(c)
F(é(f)) »
= |Ereu) /F(C) E(7; | 5(X;) = F~'(x))dx

< Ere [|F< () = (1—p)| x max |E<n-\s<xi>=c>|].

c€lep.ép(f)]

By the definition of é,(f), F(¢y(f)) is the (n — [np|)th order statistic of n independent uniform
random variables, and thus follows the Beta distribution with the shape and scale parameters equal
ton — [np| and |np]| + 1, respectively. For the special case where p = 1, we define the Oth order
statistic of n uniform random variables to be 0, and by extension also define the “beta distribution”
with shape parameter < 0 to be H(x) where H(z) is the Heaviside step function. Therefore, we
have,

P(E(Ep(f))=pl >€) = 1=B(A—p+e;n—|np|,[np]+1)+B(l—p—e,n—np|, [np] +1), (A8)

where B(e, a, B) is the incomplete beta function, i.e.,

B(e,a,3) = /Oetal(l—t)ﬂldt.

Combining with the result above, the desired result follows. O

A.3 Estimation and Inference of the Population Average Prescriptive Differ-
ence of Fixed ITRs

THEOREM A3 (BI1AS AND VARIANCE OF THE PAPD ESTIMATOR WITH A BUDGET CONSTRAINT)
Under Assumptions 1, 2, and 3, the bias of the proposed estimator of the PAPD with a budget
constraint p defined in Eqn (8) can be bounded as follows,

Pép(f),ép(g)(m{Ap(ﬂQvZ) — Ap(f, 9) | ép(f)vép(g)}‘ >e) < 1-2B(1-p+ ’Yp(@vn — [np], [np] +1)

+2B(1 —p—p(e),n = |np], [np] +1),
where any given constant € > 0, B(e, «, 3) is the incomplete beta function (if « =0 and > 0, we
set B(e,a, B) := H(e) for all € where H(€) is the Heaviside step function), and

€
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P( ) maxce[cp(f)_a cp(f)+e], de[cp(g)—e, cp(g)+€]{E(Ti ‘ Sf(Xi) = C)?E(Ti ‘ Sg(Xz') = d)}

The variance of the estimator is,
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where §%,, = Sy (Vygpi(t) = Vran )2/ 0 — 1) with YVpgpa(t) = {F(Xe,e5(1)) — 9K, 6p(9)} Vi1
and Yig(t) = D0 Yigpi(t)/n fort =0,1.

To estimate the variance, it is tempting to replace all the unknown parameters with their sam-
ple analogues. However, unlike the case of the variance of the PAPE estimator under a budget
constraint (see Theorem 1), there is no useful identity for the joint probability Pr(f(X;,éy(f)) =
9(X;,¢é,(g)) = 1) under general g. Thus, an empirical analogue of é,(f) and ¢,(g) is not a good

estimate because it is solely based on one realization. Thus, we use the following conservative
bound,

n 2
- (Pr(f(Xuép(f)) = g(Xinylg)) = 1) - 2 ) 1 (D) ()

n2

Lnp] max{|np|,n — [np|}
<
-~ n2(n— 1) ”ffl(p)'%gl(p)h
where the inequality follows because the maximum is achieved when the scoring rules of f and g,
ie., s¢(X;) and s4(X;), are perfectly correlated. We use this upper bound in our simulation and

empirical studies. In Section 5, we find that this upper bound estimate of the variance produces
only a small conservative bias.

Proof The proof of the bounds for the expectation and variance of the proposed estimator largely
follows the proof given in Appendix The only significant difference is the calculation of the
covariance term, which is given below.

Cov(¥*(1) - ¥;7(0), Y7 (1) — Y (0))
 Cov ([ (K1) — 8K en0)} 70 LK) — 9K ()} 7)
= Cov(f(Xu,ep(1))7i, (X, 6())75) + Covlg(Xs, e(9))7i, 9(X 5. 65(9))7))

—2COV( (Xz,cp(f))Tza (Xjacp<g)) J)

_ LnIZJ?((Ez —1) (Fﬂfl ?+ kg1(p)?) — 2 Cov(f(Xi, & ()7, 9(X5, 6p(9))75)
- Lmﬁa&% 1) "m0 + g (0)

n 2
9 (Pr(f(Xz,ép(f)) = 9(Xieplg) = 1) — “”J) 1 ()i ()

A.4 Proof of Theorem 2

The derivation of the variance expression in Theorem 2 proceeds in the same fashion as Theorem [A2]
(see Appendix |A.2) with the only non-trivial change being the calculation of the covariance term.
Note Pr(f(X;,¢x(f)) =1) =k/nfort =0,1 and ny = Z ~ Binom(n,ps). Then, we have:

Cov(¥7'(1) = Y;*(0), Y7 (1) — Y (0))
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Z
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where the last equality is based on the results from Appendix
For the bias, we can rewrite I'; as,

Iy = /Opf E{Yi(f(Xs, ) dp + (1 — pp)E{Yi(f(Xi,c*))} — %E{Yi(l) YO,

and similarly its estimator r 7 as,

~

Df 1
BE)) = E{ [ U Kuq)dn] + BL0L -5 (X)) - B + V(O

Therefore, the bias of the estimator is, using a derivation similar to Appendix

BE) -1 < Ellp-iil mex B - (A K)
c€{min{py.ps} max{ps.ps}}

HE{Y(£(Xi¢))} = E{Yi(£(Xi,5,))}
(1) max  [BYi(f(Xi,0) = ¥il/(Xi, )]

ce|

(e+1)e max |E(r|s(X;)=c)l.

cE[c* —e,c*+¢]
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Now, taking the bound €(1 4+ ¢€) < 2¢ for 0 < e < 1 in Eqn (A8g]) of Appendix we have the
desired result. a

A.5 Evaluation of an Estimated ITR with No Budget Constraint
Formally, we define an machine learning algorithm F' to be a deterministic map from the space of
observable data Z = {X, T, Y} to the space of ITRs F,

F.Z2—F.

We emphasize that no restriction is placed on the machine learning algorithm F' or ITR f.

To extend the population average value (Eqn (1)), we consider the average performance of an
estimated ITR across training data sets of fixed size. First, for any given values of pre-treatment
variables X; = x, we define the average treatment proportion under the estimated I'TR obtained

by applying the machine learning algorithm F to training data Z% of size n — m,
fr(x) = E{fzr(x) | X; =x} = Pr(fzer(x) =1|X; =x)

where the expectation is taken over the random sampling of training data Z'. Although fr
depends on the training data size, we suppress it to ease notational burden.
Then, the population average value of an estimated I'TR can be defined as,

Ar = E{fr(X)Yi(1) + (1 - fr(X:))Yi(0)} (A9)

where the expectation is taken over the population distribution of {X;, ¥;(1),Y;(0)}. In contrast to
the population average value of a fixed I'TR, this estimand accounts for the estimation uncertainty
of the ITR by averaging over the random sampling of training sets.

To generalize the PAPE (Eqn (2)), we first define the population proportion of units assigned
to the treatment condition under the estimated ITR as follows,

pr = E{Pr(fz+(X;) = 1] X))} = E{fr(X:)}

where the expectation is taken with respect to the sampling of training data of size n — m and the
population distribution of X;. Then, the PAPE of an estimated ITR is given by,

v = E{Ap —ppYi(1) — (1 —pp)Yi(0)}, (A10)

where Ar is the population average value of the estimated ITR defined in Eqn (A9).
A.5.1 The Population Average Value

We begin by considering the following cross-validation estimator of the population average value
for an estimated ITR (Eqn (A9)),

K
. 1 .
Ap = Kl;—l A (Zk). (A11)

The following theorem proves the unbiasedness of this estimator and derives its exact variance
expression under the Neyman’s repeated sampling framework.



THEOREM A4 (UNBIASEDNESS AND EXACT VARIANCE OF THE CROSS-VALIDATION POPULATION
AVERAGE VALUE ESTIMATOR) Under Assumptions 1, 2, and 3, the expectation and variance of
the cross-validation Population Average Value estimator defined in Eqn (A11)) are given by,

E(Ar) = Ar
. E(S2) E(S%) A R B
VOe) = = I S g {Cov(fan(Xa), fae(X) | X0 X)m ) - S E(SH)

. \2 . 2
fori # j where 82, = S0, (V1) = V;(8)) /m=1), 8} = S {3 @)= (20} /(K-
1), and 7; = Y;(1) — Y;(0) with Yfi(t) = 1 fzr(X;) = t}Y;(t), Yf(t) = > Y (t)/m, and
N (Zr) =200 A (Z)/K fort ={0,1}.

The proof of unbiasedness is similar to that of Appendix [A-T.2] and thus is omitted. To derive the
variance, we first introduce the following useful lemma, adapted from [Nadeau and Bengio| (2000)).

LEMMA 2
E(SE) = V(A; (2) = Cov(X; (Zr), A}, (20)),
. V(A (2 _ . .
Vo) — f;{( ) +KK Loov(h; (20,4 (20).
where k # £.
The lemma implies,
V(r) = VO (20) ~ © o E(SP). (A12)

We then follow the same process of derivation as in Appendix while replacing Y;*(¢) with
Yfi(t) for t € {0,1}. The only difference lies in the covariance term, which can be expanded as
follows,
Cov(Y},(1) = Y3,(0), Y,(1) = Y,(0)) = Cov(fzer(Xi)7; + Yi(0), fzer (X;)75 + ¥5(0))
= Cov(fzer (Xi)73, fzr (X;)75)
— E [Cov(fzur (Xo)7i, f2 (X,)75 | X, Xy 70,75)|
=E |:COV(thT(X.Z‘), fztr (Xj) | X,‘,X]‘)TZ‘TJ} .

So the full variance expression is:
A - K-1
V(r) = V(s (2) - T E(SH)

E(S2) E(S?%) R . K -1
= IU 4 I 4B | Cov(faer (Xy), faer (X5) | X, X)) mirj | — ———E(S3)
mi mo K

O
When compared to the case of a fixed ITR with the sample size of m (see Theorem in
Appendix |[A.1.1), the variance has two additional terms. The covariance term accounts for the
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estimation uncertainty about the ITR, and is typically positive because two units, for which an
estimated ITR makes the same treatment assignment recommendation, are likely to have causal
effects with the same sign. The second term is due to the efficiency gain resulting from the K-fold
cross-validation rather than evaluating an estimated I'TR once.

The cross-validation estimate of E(S}%t) is straightforward and is given by,

K m N2
F(S2) — (k) _ ®) k)
57 = oy Lo M =0 e -y}

where Y( ) = 1{f_rX*) = 3v P (t) and ngt’“) =y T = t}YfE@ (t)/ms. In contrast,
the estlmatlon of this cross—validation variance requires care. In particular, ;lthough it is tempting
to estimate IE(S%) using the realization of S%, this estimate is highly variable especially when K
is small. As a result, it often yields a negative overall variance estimate. We address this problem
by first noting that Lemma [2] implies,

: B(S2)  E(S%)

VO, (@) = —T+ L B {Covlfan (X)), fau (X)) | Xe X)) 2 E(SP).

Then, this inequality suggests the following consistent estimator of E(S%),
E(S%) = min <S%,V(5\ fk(zk))) :

Although this yields a conservative estimate of V(j\p) in finite samples, the bias appears to be
small in practice (see Section 5.2).
Finally, for the estimation of the covariance term, since fgtr is binary, we have,

V(fzir (Xa), fzr (X5) | X4, X;)
= Pr(far(Xi) = fz0 (X)) = 1| X4, X;) = Pr(fze (Xi) = 1] Xi) Pr(fze(X;) = 1| X),

for i # j. An unbiased cross-validation estimator of this covariance (given X; and Xj;) is,

K
) —_ 1 .
Cov(fzer (Xi), fz0r(X) | X X;) = - Z For(Xa) foi( Z fr(Xi) 72 ; for(X
Thus, we have the following cross-validation estimator of the required term,

E { Cov(fzer(X0), fzur (X;) | Xy X)) Vils)Y5(0) }

B E?:l Zj;éi I{Ti =s,1;= t}YzYJ : COV(fztr (X4), fz” (X]) | XhXj)
Sy >y UTi =5,y =t} :

for s,t € {0,1}. However, since this naive calculation is computationally expensive, we rewrite it

as follows to reduce the computational time from O(n?K) to O(nK),

S (S0 UT = shfn(X0) (S0 UT = if k(X)) = X0y HT = 5. T = Y2 f1(X)

KO HT = s) (i Wi = 1) = 250, HT = s, Ti = t}]
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(o S HT = s} f (X)) (0 Yy YT = 1Y f (X))
K2 UL =sH (O, Ui =t}) - 20, U, =5, T = t}]
Z?:l Zszl T =s,T = t}Yz-'fok(Xi)
K2 [ UL =sH (o, Ui =t}) = 20, YT =5, Ti = t}]

A.5.2 The Population Average Prescriptive Effect (PAPE)

_l’_

Next, we propose the following cross-validation estimator of the PAPE for an estimated ITR

(Eqn (A10)),
K
1 .
= 27, (Z) (AL3)
k=1

where 7¢(-) is defined in Eqn (A2). The next theorem shows the unbiasedness of this estimator
and derives its variance.

THEOREM A5 (UNBIASEDNESS AND EXACT VARIANCE OF THE CROSS-VALIDATION PAPE Es-

TIMATOR) Under Assumptions 1, 2, and 3, the expectation and variance of the cross-validation
PAPE estimator defined in Eqn (A13|) are given by,

B(fr) = T o
V(#p) = (mT21)2 Eiigl) + E(:EO) + % {72 —mpr(l — pr)7® +2(m — 1)(2pF — 1)77F}
+#E{ {(m—3)(m—2)7* + (m* — 2m + 2)7y7; — 2(m — 2)77;}
x Cov( faur(Xa), Fzrr (%) | Xi,xp}] - m )

for i # j, where §% = 77 (V, () — ?f £)2/(m—1), St = 3L, (77 (Ze) — 77 (Z0))?/(K = 1)

with Y, () = (f-r(Xs) = py Yilt), Y(t) = S0, Y, (0)/m, and 7 (Zx) = 42,74 (20)/K,
fort=1{0,1}.

Proof The proof of unbiasedness is similar to that of Appendix and thus is omitted. The
derivation of the variance is similar to that of Appendix[A.5.1] The key difference is the calculation
of the following covariance term, which needs care due to the randomness of fztr,

Cov(Y;"(1) — ¥;(0), Y (1) — Y;(0))

= Cov (fztr —_ — Z fztv" ) Tis fZ”(X]’) - % Z fZ“" (Xj’) Ti ¢
Jj'=1

where i # j. There are seven terms that need to be carefully expanded,

=2 Cov( e (K7 fae ) + 2D o (K, o (X))

(m —1)? 1 :
+ T COV(thr( )7—17 fztr( )T]) W COV(thr (Xj)TZ', thr (Xi)Tj)

12



- W Cov(fzer (Xi)mis fzor (Xi)75) + W Cov(fzr (Xj)mi, fzer (X))
_ 2(m — fn);m — 1) COV(thr (X)), fztr (Xk)Tj)a

where i, j, k, £ represent indices that do not take an identical value at the same time (e.g., i # j).
Then, we rewrite the above terms using the properties of covariance as follows,
(m —2) (m —2)(m — 3)72

2 R R
TV(JCZW (X4)) + - Cov(fzir(Xy), fzer (X))

m — 2 PN A — _
+ (777,21) [E {COV(thr (Xz>, fztr (XJ) ’ Xi, Xj)TiTj} + COV(fF(Xi)TZ‘, fF(Xj>Tj):|

+ % [E {COV(thr (Xz)7 thr(Xj) | Xi> Xj)TiTj} + COV(fF(Xj)Ti, fTF(XZ)T])}

- 2(mm—21)r(1 — pp)E(fzer (Xi)7s)
+ W— [E {COV(thr (Xz), fztr (XJ> ’ X,‘, Xj)TZ‘] =+ PF COV(]FF()(Z-)7 Tz)}i|
~2(m —2)(m

T w [E {Cov(fztr(Xi)’fZ”(Xj) | Xij)”} + COV(fF(Xi)T"’fF(Xj))}

- WPF(l —pr) + m = 2)7517721 s Cov(fzir (Xi), fzir(X;))

m? — 2m + 2 ; : 1
+ T { Cov(fze (Xa), fz (%) | X, Xg)mims |+ — (. + 27pps)

m

_ Q(mm_f)%ﬂa {Cov(fgtr(xi)vfztr(xk) | Xz’aXa‘)Ti}
- # (5 = mpr(1 = pr)7* + 2(m — 1)(2pr — )77r)
i Fm - 2);:; =7 Cov( faen (X, far (X)) | X X,)
) W Cov(farr (X, Far (X;) | X1, X))

for i # j, where we used the results from Appendix as well as V(fze(X;)) = prp(1 —pp) and
7 = Cov(fr(Xi),7:) = Cov(fze (Xi), 7). =

Like the case of the population average value, the variance has two extra terms when compared
to the case of a fixed ITR (see Theorem in Appendix |A.1.2)). The estimation of the variance is
similar to that for the population average value.

A.6 Proof of Theorem 3

We begin by deriving the variance. The derivation proceeds in the same fashion as the one for
Theorem (see Appendix [A.5.2]). The only non-trivial change is the derivation of the covariance
term, which we detail below. First, similar to the proof of Theorem 1 (see Appendix|A.2), we note
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the following relation:

Pr(fzir(X;,ép) =1) =

where the second equality follows from the fact that conditioned on a fixed training set Z'" and
conditioned on ¢, = ¢, exactly [mp| out of m units will be assigned to the treatment condition.

Given this result, we can compute the covariance as follows,
Cov(Yi(1) — Y;(0),Y;(1) — Y;5(0))
= Cov { (fztr(xia ¢p) — p) Ti, (fztr(Xja ¢p) —P) Tj}

= COV (fgtr (XZ‘, ép)TZ', fgtr (Xj, ép)Tj> — QpCOV (TZ‘, fgtr (Xj, ép)’i'j>

_ —|m 2m— P F
_ el (el =) = el m = D g, ) = 197 — 29Co0v (1, Fane (X50)75)

m2(m — 1)
- Lmz:’J1 g(LZp_J 1—) ™) o1 (0)? + 2pLﬂ;ﬁ ((nﬂz: 1L;ﬂpJ) (k1 ()2 — s () ro(p)
= oyl ) e 2D
Lmp](m — [mp])

- m2(m — 1) {@p = Drri(p)? - 2pr1(p)rFo(p) }

Combining this covariance result with the expression for the marginal variances yields the desired
variance expression for 7zp.

Next, we derive the upper bound of bias. Using the same technique as the proof of Theorem
we can rewrite the expectation of the proposed estimator as,

Blrry) = B | 230 (¥ (X)) - %01 - (- p)Yi(0)}

1=

Now, define F'(c) = P(s(X;) < ¢). Without loss of generality, assume ¢, > ¢, (If this is not the
case, we simply switch the upper and lower limits of the integrals below). Then, the bias of the

estimator is given by,

[EA{E(7rp — 7rp | 27)}]
E{|E(rp — rp | 27)]}

E{ E [; f: {Y (fzn(xi,ép)> —y; (fztr(x,-,cp))} ‘ Ztr

2(re )

|E(%Fp) - 7'F10|

IA

}

E [ / P B | 20 (Xs) = ¢, Z7VdF ()
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F(ép)
/ E(7; | 8z (X)) = F71(z), 27 dx
F(Cp)

fy |

< E {]F(ép) —1—p|x max [E(7 |8z (X;) =c, Ztr)q .

ce [CP 161’)

By the definition of ¢é,, F'(¢,) is the m — [mp|th order statistic of n independent uniform random
variables. This statistic does not depend on the training set Z'" as the test samples are independent.
Thus, F'(¢,) follows the Beta distribution with the shape and scale parameters equal to m — |mp]|
and |mp| + 1, respectively. Therefore, we have,

P(|F(¢)—pl >€) = 1=B(1—p+e,m—|mp], |mp|+1)+B(1-p—e,m—|mp], |mp|+1), (Al4)

where B(e, a, B) is the incomplete beta function, i.e.,

B(e,a,3) = /Oetal(l—t)ﬂldt.

Combining with the result above, the desired result follows. O

A.7 The Population Average Prescriptive Difference of Estimated ITRs under
a Budget Constraint

We consider the estimation and inference for the PAPD of an estimated ITR. The cross-validation

estimator of this quantity is given by,
T
AP(Fa G) = K;Ap(f—lmg—kvzk)’ (A15)

where ﬁp( fek, J—k, Z2k) is defined in Eqn (8). For completeness, we present the algorithm for
estimating the PAPD under this setting below.

Algorithm A1 Comparing Two Individualized Treatment Rules (ITR) using the Same Experi-
mental Data via Cross-Validation

Input: Data Z = {X;,T;,Y;}";, Machine learning algorithms F' and G, Evaluation metric
7t,9» Number of folds K

Output: Estimated evaluation metric 7pg, Estiamted variance of Tr¢g)

1: Split data into K random subsets of equal size (21, -, Zx)

2 k<1

3: while £ < K do

4 Z =21, 2k1, 215, ZK]

5 for = F(Z_x) > Estimate ITR f by applying F to Z_;
6 J-r = G(Z_y) > Estimate ITR g by applying G to Z_j
7 T = %f—kyg—k (Zk) > Evaluate estimated ITR f using Z,
8 k+—k+1

9: end while - R R

10: return 7pg = % Zé{:l Ths V(f’p(;) = w(f_l, o ek g1y gk, 21, ,ZK)

Although the bias of the proposed estimator is not zero, we derive its upper bound as done in
Theorem 3.
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THEOREM A6 (BIAS AND VARIANCE OF THE CROSS-VALIDATION PAPD ESTIMATOR WITH A
BUDGET CONSTRAINT) Under Assumptions 1, 2, and 3, the bias of the cross-validation PAPD
estimator with a budget constraint p defined in Eqn (A15]) can be bounded as follows,

Ezer[Pe (5 0)cn(ammm) (\E{A (F,G) = Ap(F,G) | cp(fzer), cplgzen)} = €)]
< 1-2B(1—p+yp(e)n—|npl, [np| +1)+2B(1 —p—yp(e),n — [np], [np| +1),

where any given constant € > 0, B(e, a, B) is the incomplete beta function (if « =0 and B > 0, we
set B(e,a, ) := H(€) for all € where H(e) is the Heaviside step function), and

€

(€)= - - :
P Ezer [maxce[cp(fzﬂ)_e,cp(fzﬂ)+5},de[cp(gztr)_E,Cg(gZ"He]{E(Ti | Sfer (Xi) = ¢), E(7i | 85,,, (Xi) = d)}]

The variance of the estimator is,

E(S5) |, BG) | Lnw)(Lnw) — m)

V(A (F,G)) = (kr1(p)? + K1 (p)?)

ny no n?(n—1)
|2
—2 <Pr(f2”(Xi’ép(fZ")) = gz (Xi, &p(fzer)) = 1) — L;J ) kr1(p)ka1(p)
A IE(SRe)

where S]%gt = Z?:l(?fgi(t)—f/fg(t)y/(n—l), S%o = Zf:l(ﬁp(f—lmé—k, Zk))—ﬁ (f—k,ﬁ_k, Z0))2 (K —
1), kpe(p) = E(75 | fzer (Xi, &p(fzir)) = 1), and kae(p) = E(7 | gz (X, (g )) t) with Yfgz( ) =

{ o (s eyl fan) — iz (K (a20) } Yih), YO = S0y Vo)), and By 2) =
>y ﬁp(f—k,ﬁ—k, Zp)/K fort=0,1.

Proof is similar to that of Theorem 3, and hence is omitted. To estimate the variance, it is tempting

to replace all unknowns with their sample analogues. However, the empirical analogue for the joint
probability Pr(fztr (Xi,ép(fztr)) = gzir(X4,¢p(gzer)) = 1) under general fzir, Gzer is not a good
estimate because it is solely based on one realization. Thus, we use the following conservative
bound,

2
- <Pr(f2”(xiaép(f2”)) = gz (Xi, ép(fzer)) = 1) — L:QJ > kr1(p)kc1(p)

|np| max{|np|,n — [np]}
= n?(n—1)

lkr1(p)rc1(p)],

where the inequality follows because the maximum is achieved when the scoring rules of fztr and
gzt are perfectly negatively correlated. We use this upper bound in our simulation and empirical
studies. In Section 5, we find that this upper bound estimate of the variance produces only a small

conservative bias.
A.8 An Additional Empirical Application

In this section, we describe an additional empirical application based on the canvassing experiment
(Broockman and Kalla] R016). This study was also re-analyzed by [Kiinzel et al] (2018). The
original authors find little heterogeneity in treatment effect. Our analysis below confirms this

finding.

16



BCF Causal Forest R-Learner
est. s.e. treated est. s.e. treated | est. s.e. treated
No budget constraint —0.104 0.128  48.4% —0.349 0.137  475% | 0 0 100%
20% Budget constraint  —0.02 0.121  20% —0.120 0.107  20% 0 0.104 20%

Table A2: The Estimated Population Average Prescription Effect (PAPE) for Bayesian Causal
Forest (BCF), Causal Forest, and R-Learner with and without a Budget Constraint. For each of
the three outcomes, the point estimate, the standard error, and the proportion treated are shown.
The budget constraint considered here implies that the maximum proportion treated is 20%.

A.8.1 The Experiment and Setup

We analyze the transgender canvas study of [Broockman and Kalla| (2016)). This is an experiment

that randomly assigned a door-to-door canvassing treatment to over 1,200 households (with a total
of over 1,800 members) in Florida to estimate the treatment effect on support for a transgender
rights law. The placebo group received a conversation on recycling, while the treatment group
received a conversation about transgender issues. The support is measured at various time points
after the intervention (i.e., 3 days, 3 weeks, 6 weeks, 3 months) using an online survey. The
treatment effect heterogeneity is important in this scenario as canvassing is both costly and time-
consuming. An ITR may allow canvassers to contact only those who are positively influenced by
the message.

We follow the pre-experiment analysis plan by the original authors, and select a total of 26
baseline covariates including political inclination, gender, race, and opinions on social issues. Our
treatment variable is whether or not the individual received the conversation about transgender
issues (as opposed to the recycling message). Since the randomization was conducted on the
household level, we randomly select one individual from each household for our analysis. We
focus on the primary target (support for the transgender law) at the 3 day time point after the
intervention, which is measured on a discrete scale with 7 possible values {—3,—-2,—1,0,1, 2,3},
with positive values indicating support.

The resulting dataset consists of 409 observations. We randomly select approximately 70%
of the sample (i.e., 287 observations) as the training data and the reminder of the sample (i.e.,
122 observations) as the evaluation data. We center the outcome variable using the mean in the
training data to minimize variance, as discussed in Section 2. We train three machine learning
models designed to measure heterogeneous treatment effects: Causal Forests, Bayesian Causal
Forests (Hahn et al] 2020]), and R-Learner (Nie and Wager] R017). All tuning was done through
the 5-fold cross validation procedure on the training set using the PAPE as the evaluation metric.

For Causal Forest, we set tune.parameters = TRUE. For Bayesian Causal Forests (BCF), tuning
was done using a burn-in sample for MCMC sampling. For R-Learner, we utilized the lasso loss
function and the default cross-validation for the regularization parameter. We then create an I'TR
as 1{7(x) > 0} where 7(x) is the estimated conditional average treatment effect obtained from
each fitted model. We will evaluate these I'TRs using the evaluation sample.
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BCF Causal Forest R-Learner
0.6 AUPEC =-0.123 (s.e. = 0.105) AUPEC =-0.344 (s.e. = 0.123) AUPEC = 0.034 (s.e. = 0.084)

0.34

0.0

-0.3 1

Average Transgender Law Support

0% 25% 50% 75%  100% 0% 25% 50% 75%  100% 0% 25% 50% 75%  100%
Maximum Proportion Treated

Figure Al: Estimated Area Under the Prescriptive Effect Curve (AUPEC). A solid red line in each
plot represents the Population Average Prescriptive Effect (PAPE) with pointwise 95% confidence
intervals shaded. The area between this line and the black line (representing random treatment)
is the AUPEC. The results are presented for the individualized treatment rules based on Bayesian
Causal Forest (BCF), Causal Forest, and R-Learner.

A.8.2 Results

Table presents the results. We find that without a budget constraint, none of the I'TRs based
on the machine learning methods significantly improves upon the random treatment rule. In
particular, the R-Learner leads to an ITR that treats everyone. Furthermore, we see that the
ITR based on Causal Forest performs worse than the random treatment rule by 0.349 (out of a
—3 to 3 scale) with a standard error of 0.137. The results are similar when we impose a budget
constraint, and none of the resulting ITRs perform statistically significantly better than the random
treatment rule. The result based on R-Learner is consistent with the conclusion of the original
study indicating that there was no heterogeneity detected using LASSO.

We plot the estimated PAPE (with 95% pointwise confidence interval) as a function of budget
constraint in Figure[AT] The area between this line and the black horizontal line at zero corresponds
to the AUPEC. In each plot, the horizontal axis represents the budget constraint as the maximum
proportion treated, and the point estimate and standard error of the AUPEC are shown. While
BCF and R-Learner fail to create an ITR that is significantly different from the random treatment
rule, Causal Forest produces an ITR that is statistically significantly worse than the random
treatment rule. The result illustrates a potential danger of using an advanced machine learning
algorithm to create an ITR. Indeed, there is no guarantee that the resulting ITR outperforms the

random treatment rule.
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