Appendix for “Causal Interaction in Factorial
Experiments: Application to Conjoint Analysis”

A Mathematical Appendix: Proofs of Theorems

A.1 Lemmas

Below, we describe all the lemmas, which are used to prove the main theorems of this
paper. For completeness, their proofs appear in the supplementary appendix.

LEMMA 1 (AN ALTERNATIVE DEFINITION OF THE K-WAY AVERAGE INTERACTION EFFECT)
The K-way average interaction effect (AIE) of treatment combination THE = 1K =
(t1,...,tx) relative to baseline condition TrE = tFK = (to1,... tox), given in Defi-

nition 3, can be rewritten as,

S (V5607 = fl:(K—l)(tlz(K_l); t(l):(K_l) | Tk = tk) — 51:(1{—1)(’51:([(_1);t(l):(K_l) | Tk = tox)-
LEMMA 2 Under Assumption 2, for any k =1,..., K, the following equality holds,
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LEMMA 3 (DECOMPOSITION OF THE K-WAY AIE) The K-way Average Treatment
Interaction Effect (AIE) (Definition 3), can be decomposed into the sum of the K-
way conditional Average Treatment Combination Effects (ACEs). Formally, let ICj, C
Kk =A{1,...,K} with |[Kg| = k where k = 1,..., K. Then, the K-way AIE can be

written as follows,
K

(K9 657) = DD 3 me (65t | T = 6,
k=1 KLCK

where the second summation is taken over the set of all possible K and the k-way
conditional ACE is defined as,
T, (E9s 8 | T = g5 = E[ (Ve 6 T — (e 6 T Y F (T
FrK o -
LEMMA 4 (DECOMPOSITION OF THE K-wAY AMIE) The K-way Average Marginal
Treatment Interaction Effect (AMIE), defined in Definition 2, can be decomposed into
the sum of the K-way Average Treatment Combination Effects (ACEs). Formally, let
Kr C K =A{1,...,K} with || =k where k =1,..., K. Then, the K-way AMIE
can be written as follows,
K

e (F5807) = Y (DT Y e (M tg”),

k=1 KrCKx

where the second summation is taken over the set of all possible Kj.
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A.2 Proof of Theorem 1

We use proof by induction. Under Assumption 2, we first show for K = 2. To simplify
the notation, we do not write out the J —2 factors that we marginalize out. We begin
by decomposing the AME as follows,

Yalan, ap) = /B E{Yi(ar, B)) — Yi(ao, Bi)} dF(By)
= E{Y;(as,by) — Yi(ao,bo)} + /BE{Yi(ae, B;) = Yi(ao, B;) — Yi(ag, by) + Yi(ao, bo) } dF(B;)
— E{Y(ar, bo) — Yi(ao, bo)} + /B €anlac, Bi: ao, bo) dF(By).

Similarly, we have ¥ g (b, by) = E{Y;(ao, b )—Yi;(ao, bo)}JrfA Eap(A;, by ag, by) dF(A;).
Given the definition of the AMIE in equation (5), we have,

Tag(ae, b, ao, bo) = E{Y;(as, bm) — Yi(ao, bo)} — Yalae, ap) — ¥p(bm, bo)
— (e, b 0, bo) / Eanlag, Bssao, bo) dF(B / Ean(Au, b o, bo) dF(A).

This proves that the AMIE is a linear function of the AIEs. We next show that the
AIE is also a linear function of the AMIEs.

Eap(ag, b ag, by) = E{Yi(as, bm) — Yi(ao, bo)} — alas, ap) — Y a(bm, bo)
— E{Y;(as,by) — Yi(ag,bo)} + va(ae, ap) — E{Y;(aq, bm) — Yi(ao, bo)} + ¥ a(bm, bo)
= map(ag, by; ag, bo) — Tap(ae, bo; ag, bo) — map(ao, by; ao, bo).
Thus, we obtain the desired results for K = 2.

Now we show that if the theorem holds for any K with K > 2. it also holds for
K + 1. First, using Lemma 2, we rewrite the equation of interest as follows,

K-1
WKK(tKKQtoKK) _ &CK(tKK;téCK)‘f‘Z(—l)k Z {é*ICK\’Ck(tKK\Kk7t§K\Kk>

k=1 KirCKk
k
+>_ (-1
/=1

Utilizing the the definition of the K-way AMIE given in Definition 2 and the assump-
tion that the theorem holds for K, we have,

Z /,C \Ky 5]CK\ICk<tKK\,Ck tICK\’Ck | TKk\’CZ T KZ)dF(TKk\’Q)}
KeCKg

K
Kriy1. +Kx+1\ Kri1.+KK+1 K. +Kk
7T’CK+1(t H?tO ) - T’CK+1(t H?to >_ 7T’Ck(t 7t0 )
k=1 KxCKKk 41

= TICK—H (t)CK-H. tKKH)
k—1
DI o (NSRS SEED O LRSS
k= IICkC’CK+1 m=1 ngK:k

Ki\Kom . .
+Z( Z /fc \Ky e (85t ! | THom\he T =ty )dF(TF \m)}].
=1

KeCKm
(17)



After rearranging equation (17), the coefficient for &k, \x, (t’CK“\’C“,tIOCK“\K“)
is equal to (—1)". Similarly, the coefficient of the following term is equal to (—1)“*".

K Ku e =Kv v W\ o
oo B (5 Vo g5 | T g (),
fu v

Therefore, we can rewrite equation (17) as follows,

7TICK+1 (HCK_H ; tOKK+1)
K
K K K
_ TICKH(t’CKH;tOKH) ‘I’Z(—l)k Z {&CKH\’Ck(tKKH\Kk?tO K41\ k)
k=1 KrCK 41
k—1 IC
1\ Kri1\Kr +Kr+1\Kk | K\K, e _ (K LK
+;( 1) IC;C /]-"Ck\lCe é“’CKJrl\ICk(t o k’to ‘T ' Z7Ti _to )dF(T ) e)}
= e EKk

K
. K K
— f’CK+1(t’CK+1;tO K+1) +Z(_1)k Z fICK+1\ICk(tKK+1\’Ck7tO K+1\ k)
k=1 KrCKK+1

K K od =K K ~
T o e 5 5 T~ e

k
=1 KeCKp,

K
_ €’CK+1 (t’CKH; tOICK-H) + Z(_l)k Z f(T’Ck, t’CK+1\’Ck; tOICK-H )dF(T’Ck),
k=1

KrCKK 11

where the second equality follows from applying Lemma 1 to 7, ,, (t*%+1; tOKK 1) and
the final equality from Lemma 2. This proves that the K-way AMIE is a linear
function of the K-way AlEs.

We next prove that the K-way AIE can be written as a linear function of the
K-way AMIEs. We will show this by mathematical induction. We already show the
desired result holds for K = 2. Choose any K > 2 and assume that the following
equality holds,

K

- Kr\K Kr\K
fICK<t}CK;to’CK) = Z(_l)K g Z WKK(th>t0 A k§tlock>t0 A k)
k=1 KrCKx

Using the definition of the K-way AIE given in Lemma 1, we have

f’CK+1 (t]CK+1; tOICK+1) = g’CK (t’CK; tOICK ’ Tz’K+1 = tKJrl) - fICK (tICK; tOICK | T;'K+1 = t(IJ(Jrl)

K

- (_1)K_k Z ﬂ-ICK+1 (t’Ck’ tOICK\ICk7 tK+1’ tOICk ) t:]CK\’Ck7 tK+1)

k=1 KrCKx

K

o <_1)K_k Z 7TKK+1 (th7t0’CK\,Ck7 té(+17t6<:k7t0’CK\Kk7 té<+1)7
k=1 KrCKx
where the second equality follows from the assumption. Let us consider the following
decomposition.

K+1

K—k+1 Ki +Krx+1\Kr, 1K (Kr41\Ki
§ :(_1) § : TK k11 (t 7t0 7t0 7t0 )
k=1 KrCKK+1



K
= Z( 1)K k Z 7TICK+1(t’Ck tICK\/Ck tK—H tICk tICK\/Ck t(f)ﬂ_l)‘{’(_l)KWICKH(t{)CK LR+ tOICK tK-i—l)

k=1 KrCKx
K

N (DR e (6 RV L gl e g, (18)
k=1 KrCKk

where the first and second terms together represent the cases with K +1 € K, while
the third term corresponds to the cases with K + 1 € Kxyq \ K. Note that these
two cases are mutually exclusive and exhaustive. Finally, note the following equality,

K
Z Z TR k41 (th, tOKK\]Ck7 tK+1; tOICk ) t{JCK\Kk7 tK+1)
k=1 KiCK e
K
Z K k Z ﬂ_’CKJrl(t’Ck tICK\le tK+1 tiCk tICK\le tKJrl) + (_1)K7TKK+1<téCK’tK+1; tOICK7 tff“).
k=1 KirCKk
(19)
Then, together with equations (18) and (19), we obtain,
K+1
&CKH (tKKH ; tOKKH) - Z (_1)K_k+1 Z TRk +1 (th7 tOKKH\ICk; tOKk ) t§K+l\Kk)'
k=1 KrCKK 11
Thus, the desired linear relationship holds for any K > 2. O

A.3 Proof of Theorem 2
To prove the invariance of the K-way AMIE, note that Lemma 4 implies,

M)~

Tice (Bitg) — T (bity) = (DR D i, (8 8%, (20)
k=1 KiLCKx
K

T (tito) — me(Bit0) = D _(=DFTF Y i, (885, (21)
k=1 KiCKx

Thus, the K-way AMIE is interval invariant. To prove the lack of invariance of the
K-way AIE, note that according to Lemma 3, we can rewrite equation (11) as follows.

K
S0t S0 L sl T ) g @ T |
=1 KiCKx
K ==K \K =Kr\K

— Z(_l)K—k Z {TICk(tICk t/Ck |T K\K _ EOICK\/Ck) o (t/Ck t/Ck | T K \Kk :EI;K\’Ck)}
k=1 KrCKk

It is clear that this equality does not hold in general because the K-way conditional
ACEs are conditioned on different treatment values. Thus, the K-way AIE is not
interval invariant. U



A.4 Proof of Theorem 3

We use L to denote the objective function in equation (12). Since it is a convex
optimization problem, it has one unique solution and the solution should satisfy the
following equalities.

L L
oL = 0, 0 =0 forallj, and ¢€{0,1,...,L; — 1},
o aﬁe
L
827 = 0, forallj#jy, ¢€{0,1,...,L; —1} and m € {0,1,..., Ly — 1},
l,m
L
0 = 0 for all t** and K, C KC; such that k > 3. (22)
o

For the sake of simplicity, we introduce the following notation.

n

S(th+) = {i;T;Ck =t} N, = Zl{T;C’“ = Rk, E[YZ | T;C’“ =t = Z Y;.
i=1 zES(th
Then, from =0 for all t",
t’CJ
aL J Lj—1 —1L/ 1
KU S TURTED 3) of THNED 3 35 3b SE ST I
ﬁt’CJ 1€S(tFk) j=1 ¢=0 j=1j3'>5 £=0 m=0

J

-Y X S -e)-o @)

k=3 KrCKs tKk

Therefore, for all tX7,

[L+Z SN gt ctv) = R | T =M.

k=1 KxCKj tKk

For the first-order effect, we can use the weighted zero-sum constraints for all
factors except for the j th factor. In particular, for all j and t;, € t*7,

Lj/—l

3D SRS | EETCERITES o 9 S ATEET)

7#5 =0 t,etFs\ k=1 K,CKy tFk

Li—1

=SS II PelTy=0) B[ Ty =TV = ¢59]

3'#] =0 t,etFaN

L;—1

= B =32 Tl P@y=0 ENi|T;=0TY =tV -

J'#] =0 ¢ etaN

In general, for all t* K, C K; and k > 2,

L;—1

Bo= X XTI Pr(Ty=0) Bl T = 5 T = e

J'ERN\RE €20 ¢, eta\Fk



=) 1t et — (24)

KpCKy t¥p
In addition, /i is given as follows.

j—1

i > I pe@m =0 Epi| T =6,

J=1 1=0 ¢;,etFs

Therefore, ([L,B) is uniquely determined. To confirm this solution is the minimizer
of the optimization problem, we check all the equality conditions. For all t** I, C
ICJ,jG]Ck and k > 1,

Lj—1

Z Pr(Ty; = O)1{t; = £} 3%

: Ly—1
= Z Pr(T, =01{t; =0} > S [ Pr(@y =10 EY; | T = t% TV = ¢\
J'ERN\KE €20 ¢, et \Fk
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KpCKr tFp
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> e i -
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= 0,

where the final equality comes from equation (24) for BSC’;\]J

Furthermore, equation (23) implies all other equalities in equation (22). Therefore,
the solution (equations (24) and (25)) satisfies all the equality conditions. Finally,
we show that these estimators are unbiased for the AMEs and the AMIEs. Since

ElY; | T = tX7] is an unbiased estimator of E[Y;(t*7)],
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B Supplementary Appendix: Proofs of Lemmas

For the sake of completeness, we prove all the lemmas used in the mathematical
appendix above.

B.1 Proof of Lemma 1

To simplify the proof, we start from Lemma 1 and prove it is equivalent to Definition 3.
We prove it by induction. Equation (7) shows this correspondence holds for K = 2.
Next, choose any K > 2 and assume that this relationship holds. That is, we assume
the following equality,

K—1
Erxltito) = Tou(bite) = D D Gttt | T =654, (25)
k=1 K4 CKr
where the second summation is taken over all possible K, C Ky = {1,..., K} with
\KCi| = k.
Using the definition of the K-way AIE in Lemma 1, we have,
K-1 e
Z D Crcory U e te* o | T = o)
=1 KxCKx
K-1 g
= Exc, (87 ty* Tik+1 =tk+1, T, S tICK\]Ck
k 0 + +
k=1 K),.CKx
K-1

Z € (8% t’C | Ty 41 = o K+1,T’CK\’Ck = tl()CK\’Ck)v (26)
k=1 K, CKx

where Q,gk,KH}(t Jtiat; to Lo k41 | TKK\Kk tICK\}Ck) denote the conditional (k -+

1)-way AIE that includes the set of k treatments, Ky, as well as the (K + 1)th

treatment while fixing T Ve 4 1:’CK W Therefore, we have,

Ecery (8515 167
= o (F b0 ™ | Tigrn = trer) — S (85605 | Ten = toresn)

K K K LK
= Ticrers (B L5 60 1) — Ticgen, (87 Lo k1 60, Lo, 41)

K—
—K\K
o Z Z g{’Cka'H} tK+17t0 s to K41 | T K\ tICK\IC’“)

k=1 K CKg
K Kra1\K
= TKk+1 (t’CKvtKJrl; tOICKv tKJrl) - Z Z &Ck (t’Ck;tgk | Ti = tOKKH\ICk)
k=1 K CKg
K \K
- Z Z iy (EF treps 60 to e | T e tICK\Kk) (27)
k=1 KrCKg

where the second equality follows from equation (26), and the third equality is based
on the application of the assumption given in equation (25) while conditioning on

Ti k41 = to, -



Next, consider the following decomposition,

K

Z Z g’Ck (t’Ck;tO’Ck ‘ T;CK+1\Kk _ tOICK+1\ICk)

k=1 KxCKK 11

K
= Z Z gle(th7t§k |T§CK+1\/CI¢ _ t/OCKJrl\ICk)
k=1 ’CkgKK
K-1 .
_ ek
+ Z Z 6{’Ck,K+1}(t’Ck,tK+l;t{)Ck’tO’K+1 | T, K\ _ tA &\ k)
=
+ f(K+1)(tK+1;t07K+1 | TZ, K _ tOICK)a (28>

where the first term corresponds to the cases with K + 1 € Kxyq \ Ky, while the
second and third terms together represent the cases with K + 1 € K. Note that
these two cases are mutually exclusive and exhaustive. Finally, note the following
equality,

K K
Tick (Bt 560 b)) = Tice (E5 0560 ™ ) — Eeany (b toresn | T = t075).

Then, together with equations (27) and (28), we obtain, the desired result,

K
K N K K K. +Ki | mlr+1\Kk K K
Gt (FN580"7) = T (€5 6007) = B0 3 G (80t | T = 6.

Thus, the lemma holds for any K > 2. a
B.2 Proof of Lemma 2

To begin, we prove the following equality by mathematical induction.

&CK (T’Ck ’ t’CK\’Ck; tOKK)

k
= Gy, (FF V7V | R ST 1) ST g, (5 RV | RV T = ¢,
=1 KiCKg
(29)

First, it is clear that this equality holds when k£ = 1. That is, for a given Ky, we have,
Gy (75 65151, )

— g, (PR Vo Ty e (VW g\ R gy (30)

Now, assume that the equality holds for k. Without loss of generality, we suppose
Kr ={1,2,...,k} and Kpy1 = {1,2,...,k, k + 1}. By the definition of the K-way
AlE,

€k, (T’Ckﬂ : K \Cr41 ; tO’CK)

(’i"ck7tKK\]Ck+1; tO’CK\(kJrl) ‘ TikJrl) (TICk’tICK\ICkH;thK\(k+1) ‘ T;k+1 _ t10c+1)

= &K\ (h+1) — &K\ (k1)

= fKK\/Ckﬂ(tKK\’CkH; tOICK\’CkH ’ Ti&k“)



x>

F3 1Y Gy, (F5 W g Vore | PR\ T gh)
=1 K¢CKg

~ K
_ é'K:K\K,]H_l (tKK\ICk+1; tOICK\ICIH—l | TZ k7izwik+1 — té?-l-l)

Mw

+ ( Z+1 Z §ICK\ICk+1 (t’CK\Kk+1 t/CK\’Ck+1 |T’Ck\KZ T /Cg Tk+1 _ tk—l—l)

1 KeCKg

Y

~
I

(31)

where the second equality follows from the assumption.
Next, consider the following decomposition.

kb1

Z Z Eicic\ g (EVRL g VRt | TRk e T = ty")
+

= ;c,gczc,g+1

k
= ST Y G, (5 e g PR\ T g
(=1 KoCK

~ K
o flCK\ICkH (tKK\ICk+1; tOICK\ICk+1 | Tz k7j-;;k+1 — tg+1)

k

K \K IC

+Z(_ Z+1 Z éf’CK\KkH(tICK\ICkH t K\Krt1 |T1Ck\ICg T y) Tk+1 _ tl’chl)7
(= K¢CKg

(32)

where the first term corresponds to the case in which Iy C K, in the left side of the
equation does not include the (k + 1)th treatment, and the second and third terms

jointly express the case in which K, C Ky in the left side of the equation does
include the (k + 1)th treatment.

Putting together equations (31) and (32), we have,

£/CK (’i"ck+l 7 tICK\ICk ; tOKK)

= G (#9Vk g | TR
k+1 .
™ Z(_Ue Z €K\ Kt (tICK\’CkH ) t:)CK\’CkH | T’Ckﬂ\’ce?Ti ‘= tOICZ)'

KeClg41
Therefore, equation (29) holds in general. Finally, under Assumption 2,
. © .
/f o G (T, gh Vo g0 ) g 7 (THF)
Kx\Kk | i S
= /]_—’Ck- &CK\’Ck(tKK\Kk?tO 1V ‘ T’Ck)dF(T’Ck)
k
+2_(=1)
=1
= flCK\’Ck(

k
Kr\K
PP { / o / v (E50 Ve VS | Ve T ’Cf>dF<T’<f|T’<k\'<f>dF<T’<k\'<f>}
=1 1 CKk

Z/ iy (E9 V5, V8 | TR T — ¢ ap (T)

KeCKg
ICK\ICk ICK\IC}C
t ,t )
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= Eicyen, (F0F V0 g1y
k
Kr\K e
+Z( Z /Ic \Ky e, (87 b e | TRw\e T ) dF (T ey,
Ko CR
This completes the proof of Lemma 2. 0

B.3 Proof of Lemma 3

We prove the lemma by induction. For K = 2, equation (7) shows that the lemma
holds. Choose any K > 2 and assume that the lemma holds for all k£ with 1 < k < K.
Then,

Eice (675 tOICK | Ti k41 = trs1)
K—

= T’CK+1<t}CK7tK+1;tOKK7tK+1) + (_1)K_k Z T}Ck(t tK-i-lvtO >tK+1 | T
k=

—

—_
e
B
N
e
=

K e
= TICK+1(t KatKH,toK,tKJrl)

K—-1
_ — K\ K\
+Y (=DEE Y [T{m,Kﬂ}(t i te™ tors | T iV g\
= KirCKx

=K K+1 K
— Tr41(txs15to 1 | T re\ (KAL) = t) K41\ (K+1))

K e
= T’CK-H(t K tK+17tOK7tK+1)

K-
~KK\K
+Z )EF Z i+ (8 s 60*  to e | T e = o)

k=1 KrCKk
«— K =Krcan\ (K+1)
- +
+) (¥ Hl(k)TKH(tKHvto g | T = to ) D), (33)
k=1

Next, note the following decomposition,

K
Eicrers F 580" ) = G (K407 | Thepn = tregr) — e (E5 5607 | Thkern = torer1)
§

ke (5t | Tigen = tiern)

Z (thk tgk | T’CKH\’Ck _ téCK+1\ICk)'
=1 KrCKk

|ij

Substituting equation (33) into this equation, we obtain

5’CK+1 (tICK+1 ) tOICK-H )

= TKki1 (tKKvtK+1;tOICK7tK+1> - 1>K_k Z TK (th tICk | T]CKH\KIC - tIOCKH\Kk)

k=1 KrCKx

tﬂw

=

-1

+ > (=Fh Z T k413 (b Etrns by o | T
KrCKx

’CK\Kk _ t’CK\’Ck)
- r0

T
I
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K-1

K =K K
+ K- k+1< )TK+1(tK+1,750 k1 | T, e () t’CK“\ (R
k=1
- —Kri1\K
= TICK+1(t’CK,tK+1;tO}CK,tK+1> _ Z(_l)ka Z T, (thk tolck | T) K+1\Ky t’CK+1\’Ck>
k=2 KrCKr 41
F (D5 ST g (L T e
KiCKgk
— K —Kxi1\ (K+1)
+
+ V- k+1<k)TK+1(tK+17tO ka1 | T tOKK“\ (KH))
=1
K =K K+1
— TICK+1 (t}CK+1;t0 K+1) . TK—i—l(tK-i-l,tO K | T K+1\ ( ) tICK+1\ (K+1))
ST (5 6 T ety
KrCKK 11
(DR YD m (T et
K1CKk
- K i\ (K1)
- +
+ Z(_l)K k+1<k)TK+1(tK+1,to w1 | T — oy (L)
k=1
K+1 .
S T e T e,
k=1 KR

where the final equality follows because

Thus, by induction, the theorem holds for any K > 2. a

B.4 Proof of Lemma 4

We prove the lemma by induction. For K = 2, equation (7) shows this theorem holds.
Choose any K > 2 and assume that the lemma holds for all k£ with 1 < k£ < K. That
is, let K € K = {1,..., K} with |x| = k where &k = 1,..., K, and assume the
following equality,

T, (95 65%) = D (=1 ) 7, (8 45).

(=1 KeCK,

E

Using this assumption as well as the definition of the K-way AMIE given in Defini-
tion 2, we have,

K
t’CK“; tOICK-H) — Tk (t’CKJrl; tOICK+1) N Z Z K, (tICk; tOICk)

TK 41 (

K k
= T (P67 ) D(SDFE Y e (8 ).
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Next, we determine the coefficient for 7, (t*:t5™) in the second term of equa-
tion (34) for each m with 1 < m < K. Note that 7, (t*;t5™) would not appear in
this term if m > k. That is, for a given m, we only need to consider the cases where
the index for the first summation satisfies m < k < K. Furthermore, for any given
such k, there exist (K;il*m) ways to choose K in the second summation such that
K., € Ki. Once such Ky is selected, K,, appears only once in the third and fourth
summations together and is multiplied by (—1)*¥T1=™. Therefore, the coefficient for

Tic,, (°m; t5™) is equal to,

é(—n’f“—m([( ;f;j") = (cpKHm

Putting all of these together,

K
7T/CK+1(tKK+1§tOKK+1) :T/CKH(tKKH;té)CKH)+Z(_1)K+1_k Z T’Ck(t’ck;tOKk)
k=1 KrCKKk+1
K+1
=D (DR N e (89 t67).
k=1 KrCKK+1

Since the theorem holds for K + 1, we have shown that it holds for any K > 2. O
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