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Readings

(Required) Freedman. (2008). “Survival Analysis: A Primer” The
American Statistician, Vol. 62, pp. 110–119.
(Required) Various articles on cabinet dissolution (references
given in later slides)

(Suggested) Wooldridge, Chapter 20.
(Suggested) Box-Steffensmeier and Jones (1997). “Time is of the
Essence: Event History Models in Political Science,” American
Journal of Political Science, Vol. 41, pp. 1414–1461.

(Reference) Box-Steffensmeier and Jones. (2004). Event History
Modeling: A Guide for Social Scientists. Cambridge UP.
(Reference) Kalbfleisch and Prentice. (2002). The Statistical
Analysis of Failure Time Data. 2nd ed. Wiley & Sons.
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What is Survival Data?

Duration data consisting of start time and end time
A running example: Cabinet duration
Other examples: Congressional career, Peace agreement etc.
Predicting how long does something last?
Estimating the causal effect of one factor on duration
Key methodological issues: censoring, shape of hazard function
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Survival Function

Yi ∈ [0,∞): time to an event or failure time
Survival function: Probability of surviving at least up to time y

S(y) ≡ Pr(Yi > y) = 1− Pr(Yi ≤ y)︸ ︷︷ ︸
CDF

1 Monotonically decreasing
2 Right-continuous
3 limy→∞ S(y) = 0 and limy→0 S(y) = 1

Density function of Yi (if it exists):

f (y) = − d
dy

S(y) and S(y) =

∫ ∞
y

f (t)dt

For sufficiently small h and if f (y) is continuous at y ,

h × f (y) ≈ Pr(y ≤ Yi < y + h) = S(y)− S(y + h)
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Hazard Function

What is it?: The instantaneous rate at which events occur at time
y given that the observation “survived” up to time y

λ(y) ≡ lim
h↓0

Pr(y ≤ Yi < y + h | Yi ≥ y)

h

=
f (y)

S(y)
= − d

dy
log S(y)

It’s not probability!
Hazard function completely determines the distribution of Yi :

S(y) = exp
(
−
∫ y

0
λ(t)dt

)
Cumulative hazard function:

Λ(y) ≡
∫ y

0
λ(t)dt = − log S(y)
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Quantities of Interest

Survival curve
Hazard function is difficult to interpret
Expected time to an event:

µ(y) ≡ E(Yi − y | Yi > y)

=

∫ ∞
y

(t − y)
f (t)
S(y)

dt =
1

S(y)

∫ ∞
y

S(t)dt

Note that µ(0) = E(Yi) =
∫∞

0 S(t)dt
µ(y) also completely determines distribution of Yi :

S(y) =
µ(0)

µ(y)
exp

(
−
∫ y

0

1
µ(t)

dt
)
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Censoring

Right-censoring Yi ∈ (t ,∞): an observation does not experience
an event during the study period
Independence assumption: (Given Xi ) Hazard rates of those who
are censored do not systematically differ from those who are not

lim
h↓0

Pr(y ≤ Yi < y + h | Yi ≥ y ,Xi)

h

= lim
h↓0

Pr(y ≤ Yi < y + h | Yi ≥ y ,Ci ≥ y ,Xi)

h

for all y where Ci be a time to censoring
Implied by Yi ⊥⊥ Ci | Xi : Missing at random; censoring is ignorable

Other types of censoring:
1 Left-censoring Yi ∈ [0, t ]
2 Interval-censoring Yi ∈ (t1, t2)

Left-truncation: units failing before the study period
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Cabinet Duration and Censoring

King, Alt, Burns, and Laver (1990). AJPS
Censoring: 12 months prior to the end of the constitutional
inter-election period

Is censoring independent?
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Discrete Time Approximation

Time is continuous but we observe discrete time: t1 < t2 < · · ·
Density function: f (tj) = Pr(Yi = tj)
Survival function: S(y) =

∑
{j: tj>y} f (tj)

Hazard function:

λ(tj) = Pr(Yi = tj | Yi ≥ tj) =
f (tj)

limt↓tj S(t)
=

f (tj)
S(tj−1)

Cumulative hazard function: Λ(y) =
∑
{j: tj≤y} λ(tj)

Key relationships:

S(tj) =

j∏
k=1

(1− λ(tk )) and f (tj) = λ(tj)
j−1∏
k=1

(1− λ(tk ))

Expected time to an event:

µ(tj) =
1

S(tj)

∞∑
k=j

(tk+1 − tk )S(tk )
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Nonparametric ML Estimation of Survival Function

Idea: Use one minus the empirical CDF to estimate S(y)

Observed failure times: t1 < t2 < · · · < tJ
Ties are allowed, i.e., J ≤ n, and dj units failed at tj
mj units are right-censored in the interval [tj , tj+1) and fail in the
interval [tj+1,∞)

Under the independence assumption,

Pr(Yi = tj) = S(tj−1)− S(tj) = f (tj) uncensored

Pr(Yi > tj) = S(tj) censored

The likelihood function:

L(λ | Y ) =
J∏

j=1

f (tj)dj S(tj)mj =
J∏

j=1

λ(tj)dj (1− λ(tj))nj−dj

where nj =
∑J

k=j(dk + mk ) is the number of units “at risk”

Kosuke Imai (Princeton) Survival Data POL573 Fall 2015 10 / 39



Kaplan-Meier Estimator

The log-likelihood function:

ln(λ | Y ) =
J∑

j=1

{dj logλ(tj) + (nj − dj) log(1− λ(tj))}

The Kaplan-Meier estimator:

Ŝ(y) =
∏

{j: tj≤y}

(1− λ̂(tj)) =
∏

{j: tj≤y}

nj − dj

nj

The Asymptotic variance estimator:

̂V(Ŝ(y)) = Ŝ2(y)
∑
{j: tj≤y}

dj

nj(nj − dj)

The Nelson-Aalen estimator: Λ̂(y) =
∑
{j: tj≤y} dj/nj
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Compliance in International Law
Commitment and Compliance in International Monetary Affairs December 2000 

FIGURE 2. The Kaplan-Meier Survival Function Duration of Article XIV Status over Time 

Kaplan-Meier survival estimate 
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hazard rate. Data availability causes the sample size to 
change somewhat, but none of the conclusions dis- 
cussed below are altered substantially by analyzing a 
common sample. 

The first two variables, Universality and Regional 
Norm, test the proposition that taking on an obligation 
is likely to be related to similar actions by others. Both 
of these have a large and positive influence on the 
acceptance rate. According to model 2, for example, 
every increase of one percentage point in the propor- 
tion of IMF members who accept Article VIII in- 
creases by 5.5% the likelihood of acceptance by other 
members. A similar increase in the regional proportion 
of Article VIII adherents increases a country's likeli- 
hood of acceptance by 2.7%. This translates into an 
increase of 31% in the rate of acceptance for every 
increase of 10% in regional accession.12 Clearly, as the 
number of countries who adhere to Article VIII in- 
creases, there is a much greater chance that an uncom- 
mitted government will do so. Note that this effect is 
significant even when controlling for time (Year in 
model 4), which reduces the likelihood that the univer- 
sality and regional norms variables simply reflect an 
increase in adherents over time. 

There is also evidence that institutional incentives 
make some difference in Article VIII acceptance. 
Surveillance (a dummy variable with the value of 0 
before 1977, 1 thereafter) has the expected negative 

12 This is calculated by raising the estimated hazard ratio to the tenth 
power. 

824 

effect, although it is not robustly statistically significant 
for this sample of countries, many of which joined the 
IMF after surveillance became mandatory for all mem- 
bers.13 Moreover, the coefficient is significantly weak- 
ened by including year as an explanatory variable. This 
is understandable, since surveillance is a dichotomous 
dummy that distinguishes years before and after 1977. 
Flexible exchange. rates probably increase the likeli- 
hood of making an Article VIII commitment, since 
these minimize the foreign exchange reserves needed 
to defend a beleaguered currency, but the statistical 
significance varies with the model specification. 

Perhaps most interesting is the fairly strong and 
consistent negative effect of the use of fund credits on 
the Article VIII decision. This provides evidence that 
the IMF is not effectively using resources as leverage to 
pressure borrowers into making a legal commitment.14 
In fact, Use of Fund Credits reduces the proportional 

13 For countries that had joined the IMF by 1980, earlier research 
shows that the change in the surveillance regime had a very strong 
negative effect on the decision to commit to Article VIII, which 
indicates a rather perverse incentive to commit. Mandatory surveil- 
lance for all countries drastically reduced the probability of accepting 
Article VIII by countries that were members during the regime 
change (Simmons 2000). 
14 This finding is consistent with archival research, which suggests 
that the IMF is more likely to recommend that a country delay 
commitment to Article VIII when its balance of payments is under 
pressure (Simmons 2000). The reason is that such a commitment not 
only would lack credibility but also would allow the "leakage" of IMF 
resources to pay private creditors rather than to buy time for the 
government to make fundamental economic policy adjustments. 

B. Simmons (2000) APSR
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Exponential Regression Model

Model: Yi | Xi
indep.∼ Exponential(µi) where µi = exp(X>i β)

Density: f (y | µi) = 1
µi

exp(−y/µi)

Mean E(Yi | µi) = µi and Variance V(Yi | µi) = µ2
i

Survival function: S(y) = exp(−y/µi)

Constant Hazard function: λ(y) = 1/µi

Memory-less Property:

Pr(Yi > y + h | Yi > y) = exp(−h/µi)

which does not depend on y
Poisson process with rate 1/λ:

S(y) = Pr(Yi(y) = 0) = exp(−y/λ)

“waiting time” for the next event
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Exponential Likelihood Function with Right-censoring

Censoring indicator Ci = 1 for being censored
Yi is the censoring time (rather than failure time) when Ci = 1
Likelihood function:

Ln(β | Y ,X ,C) =
n∏

i=1

{
1
µi

exp(−Yi/µi)

}1−Ci

︸ ︷︷ ︸
uncensored obs.

{exp(−Yi/µi)}Ci︸ ︷︷ ︸
censored obs.

=
n∏

i=1

exp
{
−(1− Ci)X>i β

}
exp

{
−exp(−X>i β)Yi

}
Log-likelihood function:

ln(β | Y ,X ,C) =
n∑

i=1

−(1− Ci)X>i β − exp(−X>i β)Yi

Score and Hessian can be calculated in the usual manner
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EM Algorithm for the Exponential Regression Model

E-step:

Q(β | β(t)) = −
n∑

i=1

{
X>i β + exp(X>i β)Y ∗i

(t)
}

where

Y ∗i
(t) =

{
Yi if Ci = 0

Yi + exp(X>i β
(t)) if Ci = 1

M-step: Use the iterated weighted least squares algorithm!

The EM algorithm makes the complex optimization problem with
missing data into an easy one without missing data
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Weibull Regression Model

Model: Yi | Xi
indep.∼ Weibull(µi , γ) where µi = exp(X>i β) and γ > 0

Density: f (y | µi , γ) = γ
µγi

yγ−1 exp{−(y/µi)
γ}

A generalization of the exponential regression model (when γ = 1)
Mean: E(Yi | Xi) = µiΓ(1 + 1/γ)

Variance: V(Yi | Xi) = µ2
i [Γ(1 + 2/γ)− Γ(1 + 1/γ)2]

Survival function: S(y) = exp{−(y/µi)
γ}

Monotone hazard function:

λ(y) =
γ

µγi
yγ−1

increasing (decreasing) if γ > 1 (if γ < 1)
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Proportional Hazard and Log-Linear Models

Exponential model ∈Weibull model ∈
{

Proportional hazards models
Log-linear models

Proportional hazard:

λ(y ; x) = λ0(y)︸ ︷︷ ︸
baseline hazard

r(x)

Exponential model: λ0(y) = 1 and r(x) = exp(−x>β)

Weibull model: λ0(y) = γyγ−1 and r(x) = exp(−x>β)

Log-linear models:
log Yi = X>i β + εi

Exponential model: extreme value distribution
Weibull model: scaled extreme value distribution
Log-normal model: normal distribution

Other distributions: Gamma, Log-logistic etc.

Kosuke Imai (Princeton) Survival Data POL573 Fall 2015 17 / 39



Log-Normal Regression Model

Model: log Yi | Xi
indep.∼ N (X>i β, σ

2)

Density: f (Yi = y | Xi , β, σ
2) = 1√

2πσ2y
exp

{
− 1

2σ2 (log y − X>i β)2}
Mean: E(Yi | Xi) = exp(X>i β + σ2/2)

Variance: V(Yi | Xi) = exp(2X>i β + σ2){exp(σ2)− 1}

Survival function: S(y) = Φ
(

X>i β−log y
σ

)
Hazard function: λ(y) =

φ

(
X>i β−log y

σ

)
Φ

(
X>i β−log y

σ

)
yσ

Hazard function is not monotone
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Debate on the Hazard Function for Cabinet Dissolution

King, Alt, Burns, and Laver (1990): Exponential model

Systematic factors: country attributes, party structure attributes,
coalition attributes, etc. measured at the beginning of the cabinet
Stochastic events: time-varying economic shocks, scandals, etc.
Constant hazard rate: stochastic risk is constant over time

Warwick and Easton (1992, AJPS): Weibull model
Increasing hazard rate
Warwick (1992, AJPS)

Alt and King (1994, CPS): only slightly increasing

Similar debate in leadership duration:
Londregan and Poole (1990, WP): constant hazard
Bienen and van de Walle (1991, Stanford UP): decreasing hazard
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Warwick and Easton (1992, AJPS)
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Going Beyond the Parametric Regression Models

Less restriction assumption on the hazard function
Time-varying covariates to further model stochastic risks

Cox Proportional Hazard Model (1972, JRSS B):

λ(y ,Xi(y))︸ ︷︷ ︸
semiparametric

= λ0(y)︸ ︷︷ ︸
nonparametric

exp(Xi(y)>β)︸ ︷︷ ︸
parametric

Baseline hazard λ0(y):
Underlying hazard common to all observations varying across time
Unspecified allowing for flexible functional form

Time-varying covariates Xi(y): Modeling the hazard rate as a
function of both time-invariant and time-varying covariates
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Partial Likelihood Function

J observed distinct failure times: 0 = t0 < t1 < t2 < · · · < tJ <∞
Assume independent right-censoring as before
Alternative representation: {Vj ,Wj}Jj=1

1 Vj : the event that particular observations get censored in [tj−1, tj )
2 Wj : the event that particular observations fail at tj

Likelihood function:

J∏
j=1

f (Vj | V (j−1),W (j−1), θ) ×
J∏

j=1

f (Wj | V (j),W (j−1), θ)

︸ ︷︷ ︸
partial likelihood function

where V (j) = {V1, . . . ,Vj}, and W (j) = {W1, . . . ,Wj}
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Under the no ties assumption,

J∏
j=1

f (Wj | V (j),W (j−1), θ) =
J∏

j=1

λ(tj ,Xi(tj))∑
i ′∈R(tj ) λ(tj ,Xi ′(tj))

=
J∏

j=1

exp(Xi(tj)>β)∑
i ′∈R(tj ) exp(Xi ′(tj)>β)

where i represents the observation which failed at time tj and R(t)
is the risk set at time t
Risk set: all observations who have not failed and have not been
censored just prior to time t
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Properties of Maximum Partial Likelihood Estimator

Consistency: θ̂J
P→ θ where

θ̂J = argmax
θ∈Θ

J∑
j=1

log f (Wj | V (j),W (j−1), θ)

Asymptotic normality:

√
J(θ̂J − θ)

D→ N (0, I(θ)−1)

where I(θ) is the information matrix based on the partial likelihood
Usual hypothesis testing (Wald, Partial LRT)
Unlike MLE, not efficient: the information about θ which is
contained in f (Vj | V (j−1),W (j−1), θ) is being ignored
But, in the Cox model, this term is silent about who fails→ little
information about β
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Treatment of Ties

Continuous time means no ties, but, rounding creates ties
How do we incorporate ties into the partial likelihood framework?
Idea: Break the ties in all possible ways and average the likelihood
A special case of 2 ties:

exp(X1(tj)>β)∑
i ′∈R(tj ) exp(Xi ′(tj)>β)︸ ︷︷ ︸

obs. 1 fails first

×
exp(X2(tj)>β)∑

i ′∈R(tj ) exp(Xi ′(tj)>β)− exp(X1(tj)>β)︸ ︷︷ ︸
obs. 2 fails next

+
exp(X2(tj)>β)∑

i ′∈R(tj ) exp(Xi ′(tj)>β)︸ ︷︷ ︸
obs. 2 fails first

×
exp(X1(tj)>β)∑

i ′∈R(tj ) exp(Xi ′(tj)>β)− exp(X2(tj)>β)︸ ︷︷ ︸
obs. 1 fails next
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In general, if dj is the number of observations failing at time tj ,

J∏
j=1

exp

 dj∑
i=1

Xi(tj)>β

∑
P∈Qj

dj∏
r=1

1∑
i ′∈R(tj ,P,r) exp(Xi ′(tj)>β)




where Qj is the set of dj ! permutations of {1,2, . . . ,dj},
P = {1, . . . ,pdj} is an element of Qj , and
R(tj ,P, r) = R(tj) \ {p1, . . . ,pr−1}
Discrete-time approximation:

J∏
j=1

exp
(∑dj

i=1 Xi(tj)>β
)

∑
S′∈Sj

exp
(∑

i ′∈S′ Xi ′(tj)>β
)

where Sj is the set of all possible combinations of dj units selected
from the risk set R(tj)
This corresponds to method = "exact" of the coxph()
function in R
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Some Popular Approximations

But these are hard to compute if the number of ties is large
Breslow (Peto):

J∏
j=1

exp
(∑dj

i=1 Xi(tj)>β
)

{∑
i ′∈R(tj ) exp(Xi ′(tj)>β)

}dj

Efron:

J∏
j=1

exp
(∑dj

i=1 Xi(tj)>β
)

∏dj−1
r=0

{∑
i ′∈R(tj ) exp(Xi ′(tj)>β)− r

dj

∑
i ′∈D(tj ) exp(Xi ′(tj)>β)

}
where D(tj) is the set of observations failing at tj

No tie reduces to the original partial likelihood
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Estimation of the Baseline Hazard Function

Partial likelihood allows us to estimate β but what about λ0(y)?
Idea: Use the Kaplan-Meier estimator given the PMLE of β
The key relationship with the time-invariant covariates:

S(tj) = exp
(
−
∫ tj

0
λ(y ,Xi)dy

)
= S0(tj)exp(X>i β)

Apply the Kaplan-Meier nonparametric likelihood framework:

J∏
j=1

 ∏
i∈D(tj )

λ(tj ,Xi)
∏

i∈R(tj )\D(tj )

{1− λ(tj ,Xi)}


=

J∏
j=1

 ∏
i∈D(tj )

(
1− αexp(X>i β)

j

) ∏
i∈R(tj )\D(tj )

α
exp(X>i β)

j


where αj = S0(tj)/S0(tj−1)
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Given β̂, nonparametric MLE of αj is a solution to:

∑
i∈D(tj )

exp(X>i β̂)α
exp(X>i β̂)

j

1− αexp(X>i β̂)

j

=
∑

i∈R(tj )\D(tj )

exp(X>i β̂)

When dj = 1, we have a closed-form solution,

α̂j =

{
1−

exp(X>i β̂)∑
i∈R(tj ) exp(X>i β̂)

}exp(−X>i β̂)

Finally, we have,

Ŝ0(tj) =
∏

j ′:tj′≤tj

α̂j ′ , Ŝ(tj) = Ŝ0(tj)exp(X>i β̂)

λ̂0(tj) =

{
1− α̂exp(X>i β̂)

j

}
exp(−X>i β̂)

With time-varying covariates, it will be more complex but possible
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Relaxing the Proportionality Assumption

The key assumption of the Cox model: proportionality
Stratification: for observation i in strata s[i]

λ0s[i](tj) exp(Xi(tj)>β)

Note that the partial likelihood function will be different from the
no-stratification case because the risk set will be different across
strata
Time-varying coefficients:

λ0s[i](tj) exp(Xi(tj)>β(tj))

Tests and diagnostics based on residuals (see Therneau and
Grambsch , 2000; Box-Stefensmeier and Zorn, 2001 AJPS)
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Back to the Cabinet Dissolution Example

Warwick (1992 AJPS) applies the Cox model
Some evidence of heterogeneity in the baseline hazard?

Perhaps, stratify by countries?
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Beyond a Single Failure Type

So far, we assumed that each observation has a single failure type
Multiple distinct failure types, i.e., competing risks
Cabinet dissolution example (Diermeier & Stevenson, 1999 AJPS
and 2000 APSR):

1 Dissolution followed by an early election
2 Replacement followed by a new cabinet

Hazard rates may be different across competing risks
Models based on cause-specific hazard functions

1 Relationship between covariates and each cause-specific hazard
2 Interrelation between failure types
3 Estimation of hazard rates for certain failure types given the

removal of some or all other failure types
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Difference in Raw Hazard Rates
American Political Science Review Vol. 94, No. 3 

FIGURE 7. Estimates -Dissolution Hazard 
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hazard rates are the same.12 This result is inconsistent 
with the nonstrategic model but perfectly consistent 
with a strategic one, since the Lupia and Str0m model 
is agnostic about the shape of the replacement hazard 
function. The estimates presented in Figure 8, how- 
ever, suggest that cabinets face a constant threat of 
replacement, even as they approach the end of the 
CIEP.13 This is consistent with Alt and King (1994), 
who found constant hazard rates when they censored 
cabinet terminations within 12 months of the end of the 
CIEP.14 In addition to this insight, however, the esti- 
mates in Figure 8 show that the hazard rate for 
bargaining failures remains constant even when the 
CIEP is drawing near, which Alt and King could not 
show because of their choice of censoring regime, 
because they did not distinguish between cabinet re- 
placements and legislative dissolutions, and because 

12 This test excludes the left "hump" (created by cabinets that 
terminate within a year after the last regularly scheduled election in 
countries with a 60-month CIEP; see the text discussion below). 
When it is included, only one of the three tests rejects the null 
hypothesis. 
13 The three statistical tests referred to above do not let us reject 
(p < .05) the null hypothesis of a constant hazard rate for 
replacement over the range of 1-40 months until the end of the 
CIEP. Furthermore, for the full range, only one of the tests rejects 
the null of constancy. 
14 The comparison with Alt and King (1994) is appropriate because 
the hazard is constant. If the underlying hazard is truly constant, this 
should be revealed both in traditional hazard rates, calculated with 
respect to the elapsed age of the cabinet (which is what Alt and King 
do), and in the type of hazard rates in Figure 8. 

they worked in elapsed time instead of time until the 
end of the CIEP. 

For the Lupia and Str0m model, figures 6-8 contain 
both good and bad news. The good news is that after 
the initial "hump" (created by cabinets that terminate 
within 12 months after the last election), rates increase 
both for pooled and dissolution hazards, which con- 
firms propositions 1 and 2. Moreover, replacement 
hazards seem to follow a distribution different from 
that of dissolution hazards, which is consistent with the 
Lupia and Str0m model. The bad news is that only in 
the case of pooled hazards is this increase strictly 
monotonic. Dissolution hazards are flat until about 24 
months before the end of the CIEP. Moreover, there is 
the nonmonotonicity due to the initial hump. That is, 
the risk of cabinet failure is significantly higher in the 
first year after an election (in systems with 60-month 
CIEPs) than in the next several years. 

The estimated hazard rates given in figures 6-8 were 
calculated with data that exclude single-party majority 
cabinets, caretaker cabinets, and cabinets from Sweden 
and Norway. The remaining data set is the one to which 
the theoretical model applies most clearly. A possible 
problem, however, is the model's ambiguous treatment 
of minority cabinets, as explained earlier. It is thus 
worthwhile to examine estimated hazard rates when 
minority cabinets are excluded from the sample in 
order to access the degree to which our results rely on 
this distinction. 

Reproducing figures 6 and 8 for minority and ma- 
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Cabinet Terminations and Critical Events September 2000 

FIGURE 8. Estimates-Replacement Hazard 
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jority cabinets separately does little to change the 
hazard shapes or our conclusions for the pooled sam- 
ple and for replacements.15 For dissolutions, however, 
the hazard shapes for majority and minority cabinets 
differ from one another and from the graph in Figure 7. 
Figures 9 and 10 give the estimates for majority and 
minority cabinets, respectively. Note that the spike in 
Figure 7 at about 48 months until the end of the CIEP 
is due entirely to minority cabinets. What could ac- 
count for this result? Looking more closely at the 
specific cases, we find that most are rather unusual in 
that they are "almost majority" cases.16 That is, they 

15 Plots of hazard rates are available from the authors. The claim in 
the text concerning minority government dissolutions refers to the 
point estimates. With only 31 cases of minority cabinet dissolutions 
out of 81 minority governments, strong conclusions about the hazard 
shape cannot be made. 
16 Specifically, they are cabinets for Canada (three cases), Ireland 
(two cases), and the United Kingdom (one case). In the British case, 
the election of February 1974 did not produce, for the first time since 
the 1930s, a single-party majority in the legislature, a situation that 
quickly changed in October, when Labour won 50.2% of the seats. 
For Canada, two of the cases are single-party minority Conservative 
Party cabinets. The first followed the June 1957 election, in which the 
Conservatives and Liberals polled 42.3% and 39.6% of the vote, 
respectively. This was the first time since 1925 that one of these two 
parties did not have a legislative majority. In the next election, held 
in March 1958, the Conservatives won an astounding 78.5% of the 
seats. The second Conservative cabinet followed the June 1962 
election, in which the two main parties again won substantially fewer 
seats than the number needed for a majority (43.8% and 37.7%). An 
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occur in countries in which elections almost always 
produce single-party majority governments, but some- 
times the result is a "hung parliament," e.g., due to a 
bad electoral draw on polling day. In this case the 
minority cabinet may choose to go back to the elector- 
ate early, anticipating that the bad draw will not be 
repeated. Of course, in some systems a cabinet cannot 
dissolve the government and call new elections without 
a majority vote in parliament, so the support of some 
opposition parties is needed. When would they get 
such support? Most likely when there are two large 
parties that both lost seats to a third smaller party but 
expect to regain seats if a new election is held imme- 
diately (which is a good description of several of the 
actual cases, as described in note 16). 

Figures 9 and 10 also lead us to qualify our early 
conclusion regarding support for proposition 2. On the 
one hand, Figure 9, although similar to the right side of 
Figure 7, does not show even the slight increase in the 
hazard rate before about 18 months that was apparent 
in Figure 7. Instead, the hazard is quite flat until, at 18 

election in April 1963 gave the Liberals 48.7% and began to establish 
a new pattern in Canadian politics in which the Liberals, just short of 
a majority, would rule as a single-party minority cabinet. (It is 
interesting that one of the other short-lived Canadian cabinets, 17 
months, came after an election in 1972 that once again gave the two 
major parties about 40% of the vote apiece.) 
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Competing-Risks Model

Cause-specific hazard function:

λk (y) = lim
h↓0

Pr(y ≤ Yi < y + h,Fi = k | Yi ≥ y)

h

where Fi represents the cause of failure
This is identifiable from the data; for example,

λ̂k (tj) =
djk

nj

where djk is the number of units who failed at tj from cause k and
nj is the number of those who are at risk at time tj
Assuming that only one failure type can occur at once:

λ(y) =
K∑

k=1

λk (y)
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Cabinet Dissolution, One Last Time

Diermeier and Stevenson (1999, AJPS)
Failure types: dissolution vs. replacement
The Cox model with the following likelihood function,

J∏
j=1

{
λFi (tj ,Xi(tj))

K∏
k=1

exp
(
−
∫ tj

0
λk (s; Xi(s))ds

)}

where λk (y ,Xi(y)) = λk0(y) exp(Xi(y)>βk )

Obtain the maximum partial likelihood estimate of βk for each k
The authors do not report quantities of interest, e.g., cumulative
incidence function
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Survival Function with Multiple Causes

Survival function:

S(y) = exp

(
−

K∑
k=1

∫ y

0
λk (t)dt

)
=

K∏
k=1

exp
(
−
∫ y

0
λk (t)dt

)
which does not generally equal the product of “marginal”
(cause-specific) survival function (more on this later)
Cumulative incidence function:

Ik (y) ≡ Pr(Yi ≤ y ,Fi = k) =

∫ y

0
λk (t)S(t)dt

which is the probability of failure from cause k before time y
Maximum Likelihood Estimator:

Îk (y) =
∑

j:tj≤y

λ̂k (tj)Ŝ(tj−1) =
∑

j:tj≤y

λ̂k (tj)

 ∏
j ′≤j−1

(
1−

K∑
k=1

λ̂k (tj ′)

)
Models (e.g., Cox PH) can be used for λk (y ,Xi(t))
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No Example in Political Science, Yet...2402 H. PUTTER, M. FIOCCO AND R. B. GESKUS

0 8 10 12

0.0

0.2

0.4

0.6

0.8

1.0

Years from HIV infection

P
ro

ba
bi

lit
y

AIDS

SI

2 4 6

Event-free

Figure 4. Cumulative incidence curves of AIDS and SI appearance. The cumulative incidence functions
are stacked; the distance between two curves represent the probabilities of the different events.

curves differ by covariate value. Gray [20] developed a log-rank type test for equality of cumulative
incidence curves.

In this subsection we shall illustrate the use of R [10] in carrying out some of the regression
analyzes based on the SI data set. A specific deletion in the C–C chemokine receptor 5 gene
(CCR5 �32) has been associated with reduced susceptibility to HIV infection and delayed AIDS
progression. Since NSI viruses use CCR5 for cell entry, whereas SI viruses can also use C-X-C
chemokine receptor 4 (CXCR4), the latter virus type may have an advantage in persons with the
deletion. Therefore, we investigate whether in persons with the deletion the SI phenotype appears
more rapidly. This question has been addressed using standard survival analysis techniques [21],
which implicitly assumed that a switch to SI and progression to AIDS are independent mechanisms.
The CCR5 genotype is incorporated in the SI data set through the covariate ccr5. Persons without
the deletion (‘wild type’) have WW, the reference category, whereas individuals who have the deletion
on one of the chromosomes have WM (individuals with the deletion on both chromosomes were not
present in our data).

As a preliminary, we introduce two ways of representing the same data. The first of these is the
standard way of representing competing risks data. Consider the first four patients of the SI data
set, in regular format:

patnr time status cause ccr5
1 1 9.106 1 AIDS WW
2 2 11.039 0 event-free WM
3 3 2.234 1 AIDS WW
4 4 9.878 2 SI WM

Copyright q 2006 John Wiley & Sons, Ltd. Statist. Med. 2007; 26:2389–2430
DOI: 10.1002/sim
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Identifiability

Latent failure time approach: Yi = min(Y ∗i1, . . . ,Y
∗
iK )

Can the joint distribution of Y ∗i be identified?
Joint survival function: S∗(y1, . . . , yK ) = Pr(Y ∗i1 > y1, . . . ,Y ∗iK > yK )

Overall survival function: S(y) = S∗(y , . . . , y)

The data only identifies the cause-specific hazard:

λk (y) = − ∂

∂yk
log S∗(y1, . . . , yK )

∣∣∣
y1=···=yK =y

“Marginal” survival function, Qk (y) = Pr(Y ∗i > y), is not identified
unless, for example, the following independence holds

S∗(y1, . . . , yK ) =
K∏

k=1

Qk (yk )

Fundamental problem: only a failure of one cause occurs for each
unit
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Concluding Remarks and Further Topics

Many data in political science come in the form of survival data
Do not force it into arbitrary data format (e.g., annual observations
with binary event indicator)
Report quantities of interest rather than a table of coefficients

The literature on survival analysis has a long history and is quite
sophisticated
Political scientists have never used it until 1990!
Fairly recent appearance of Cox model and competing risks model

More interesting topics not covered in POL 573:
1 Recurrent events
2 Correlated failure time
3 Multi-state models
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